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”A form factor is a function that encapsulates the properties of a certain
interaction without including all of the underlying physics, but instead,
providing the momentum dependence of a suitable matrix elements. Its
further measured experimentally in confirmation or specification of a theory.”

Momenta Redistribution
⇓ QCD is believed to exhibit confinement

hadron structures ⊗ hard scattering
⇓ decoupling of LD and SD interactions

factorisation theorem, EFT; g-2, CKM, B anomalies
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PION is the lightest Glodstone boson and the most simplest hadron

• Electromagnetic form factor ⟨π−(p2)
∣∣Jemµ ∣∣π−(p1)⟩ = eq (p1 + p2)µ Fπ(Q2)

• Separate the (hard) partonic physics out from the hadronic physics (soft, nonperturbative
objects) in exclusive processes Factorization

dσ
dΩ =

∫ 1

0

dui ϕ(u1)TH(ui)ϕ(u2)

• The universal nonperturbative objects, LCDAs/GPA

• QCD-based analytical (QCDSRs, χPT, DSE) and numerical methods (Lattice, inverse problem)

• data-driven method ( CETQ, NNPDF, ABM, JAM, et.al.) need precise TH as the inputs
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LCDAs Exclusive QCD processes with larger momentum transfers

• The Lorentz and gauge invariant ME

⟨0|ū(x)γµγ5d(−x)|π−
(p)⟩ = fπ

∫ 1

0
du ei(2u−1)p·x

[
ipµ

(
ϕ(u, µ) +

x2

4
ϕ
4
1(u, µ)

)
+ · · ·

]

⟨0|ū(x)γµγ5d(−x)|ρ−(p)⟩ = fρmρ

∫ 1

0
du ei(2u−1)p·x

[
pµ

ϵ(λ) · x
p · x

(
ϕ∥(u, µ) − ϕ

3
⊥(u, µ)

)
+ · · ·

]

⟨0|q̄(x)γµγ5q(−x)|f0(p)⟩ = pµ
∫ 1

0
du ei(2u−1)p·x

[ϕ(u, µ) + · · · ]

• LCDAs are dimensionless functions of u and renormalization scale µ

• the probability amplitudes to find the meson in a state with minimal number of constitutes and have
small transversal separation of order 1/µ

• the TMD (µ dependence) is governed by the RGE
• the LMD is described in terms of irreducible representations of the

corresponding symmetry group collinear subgroup of conformal group
SL(2, R) ∼= SU(1, 1) ∼= SO(2, 1) ⇒ collinear twist ⇒ the Gegenbauer polynomials
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Three-scale factorization approach
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Three-scale Factorization
• the first rigorous pQCD predictions to the entire domain of larger Q2 exclusive reactions

[Lepage, Brodsky PRD 22(1980)2157, Efremov, Radyushkin, PLB 94(1980)245-250]

• amplitudes are dominated by quark and gluon subprocesses at short distances
• evolution equations for process-independent hadron DAs ϕ(ui, Q̃i)

Fπ(Q2) =
∫ 1

0
dui ϕ(u1, Q̃1)TH(ui,Q)ϕ(u2, Q̃2) 1980s

• calculations at leading twist DAs and αs order, prevents anomalous contributions from the
end-point ui ∼ 1 integration regions

∝
∑

t

∫
du1du2κt(ui)

αs(µ)ϕt(u1)ϕt(u2)

(u1u2Q2) (u2Q2)

• ϕ2 ∝ u(1− u), ϕ3 ∝ mπ
0

• End-point singularities appear at high twists
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• pick up kT in the internal propagators to regulate the end-point singularity

M ∝
∑

t=2,3,4

∫
du1du2dk1Tdk2Tκt(ui)

αs(µ)ϕt
1(u1)ϕt

2(u2)

[u1u2Q2 − (△kT)2] (u2Q2 − k22T)

• the power suppressed TMD terms becomes important at the end-points

H ∝
αs(µ)

u1u2Q2 − k2T
∼

αs(µ)

u1u2Q2
− αs(µ)

k2T
(u1u2Q2)2

+ · · ·

• kT varies within three scales

x → u

• large single and double logarithms from
QCD corrections, ie., αs(µ) ln2

k2T
m2

B

• kT resummation for T to obtain S(ui, bi,Q)
suppresses the large transversal distances (small kT) interactions
by decreasing uiQ2 power in denominator

• threshold resummation for ϕ to obtain
St(ui,Q) suppresses the tiny ui, repairs the
self-consistency between αs(t) and hard log ln(u1u2Q2/t2)
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Three-scale Factorization
• The threshold-suppressed hard amplitude THSt convoluted with the sudokov-multiplied LCDAs
ψe−S [Botts, Sterman, NPB 325(1989)62-100, Li, Sterman, NPB 381(1992)129-140]

• leading twist & αs order with removing the endpoint singularities via resummations

Fπ(Q2) = ϕ(u1, µr1)TH(ui, bi,Q) St(ui) e−S(u,b,Q) ϕ(u2, µr2) 1990s-2000s

• comprehensive calculations of NLO QCD corrections and high twist power corrections of LCDAs
[Li, Shen, Wang, Zou, PRD 83(2011)054029, Li, Shen, Wang, JHEP 01(2014)004, Li, Wang, JHEP 06(2015)013, SC, Fan, Xiao, PRD
89(2014)054015, SC, PRD 100(2019)013007]

Fπ(Q2) =
∑

ti
φt1(u1, µr1)Tti,LO+NLO

H (ui, bi,Q)St(ui) e−S(ui,b,Q) φt2(u2, µr2) 2010s

• threshold-suppressed hard scattering amplitude including both the longitudinal and transversal dynamics

• sudokov-multiplied LCDAs, wave functions at bi ∼ 0, only the soft longitudinal dynamics, oversight of the soft transversal
dynamics (intrinsic transverse momentum distributions/iTMDs) ⇓ [Chai, SC, PRD 111 (2025) L071902]

Fπ(Q2) =
∑

ti
ψt1(u1, b1, µr1)Tti,LO+NLO

H (ui, bi,Q) St(ui) e−S(ui,b,Q) ψt2(u2, b2, µr2) 2020s
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Scaling behaviors of EMFFs
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Pion electromagnetic form factor

• the mismatch between QCD calculations and available data could be restored by DR

• replaces the standard DR by the modulus representation [SC, Khodjamirian, Rosov, PRD 102(2020)074022]

Fπ(q2) = 1
π

∞∫
s0

ds ImFπ(s)
s−q2−iϵ , ⇒ Fπ(q2) = exp

[
q2
√

s0−q2
2π

∞∫
s0

ds ln |Fπ(s)|2
s √s−s0 (s−q2)

]
, q2 < s0
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Pion electromagnetic form factor
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• the date-driven study of chiral mass mπ
0 at 1 GeV

1.84± 0.07 GeV consists with the ChPT ∼ 1.79 GeV
[Leutwyler PLB 378(1996)313-318]

• a significant decrease due to the soft transversal
dynamics in the small and intermediate q2

• a mean-square transverse charge radius
⟨b2

π⟩ = 0.30± 0.03 fm2 exhibits excellent agreement
with the purelly dimensional relation ⟨b2

π⟩ = 2/3⟨r2π⟩,
⟨r2π⟩ = 0.45 ± 0.01 fm2 [PDG 2024]

• produces the scaling behavior of the Q2Fπ(Q2) at
intermediate Q2 ∼ 5 GeV2

• end-point enhancement (high twists) tamed by kT
resummation effect
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Kaon electromagnetic form factor
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• take mK
0 (1GeV) = 1.90± 0.09 GeV from CHPT relation

without involving the light quark masses

• ⟨b2
K⟩ = 0.14± 0.03 fm2 ∼ 1/2⟨r2K⟩, ⟨r2K⟩ = 0.31 ± 0.03 fm2

• the soft transversal dynamics (iTMDs) is indispensable
to explain the data in the intermediate timelike q2

• iTMDs-improved pQCD result of spacelike FF is small
than the lattice data

• meanwhile, it agrees with the result from the DSE
approach and the collinear QCD factorization

• the large SU(3) flavor breaking emerges an additional
term proportional to ms in the twist-three LCDAs
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Pion transition form factor
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• Fπγγ∗ is the theoretically most clean observable ⇐ no
pulltion from high twist LCDAs

• Hadronic light-by-light scattering contribution to g-2

• In 2009, BaBar collaboration reported the measurement
exceeding the asymptotic QCD prediction
Q2Fπγγ∗(Q2) =

√
2fπ

• flat DAs ? fruitful structures (polynomials) in leading
twist LCDAs ?

• The attractive pion TFF is heat off with the
measurement from Belle collaboration in 2012, which
shows a consistent with the asymptotic QCD limit

• looking forward to settle down the ”fat pion” issue at
Belle II, BESIII or JLab ?
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η, η′ transition form factors
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[J. Chai and SC, JHEP06(2025)229]
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• up to three-particle twist-four accuracy

Fηγγ∗ = cosϕ
e2u + e2d√

2
Fηqγγ∗ − sinϕ e2s Fηsγγ∗ − 0.006 e2c Fηcγγ∗ ,

Fη′γγ∗ = sinϕ
e2u + e2d√

2
Fηqγγ∗ + cosϕ e2s Fηsγγ∗ − 0.016 e2c Fηcγγ∗ .

• predominantly ηq component in Fηγγ∗

• dominantly ηq and important ηs components in Fη′γγ∗

• ηc component contribution is negligible in magnitude

• The iTMD-improved pQCD predictions of η TFF favors
the smaller mixing angles 37.7◦ ± 0.7◦
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ηc transition form factor

• Fηqγγ∗ = Fηsγγ∗ = Fηcγγ∗ in the pQCD limit

• δF ≡ Fηγγ∗ −Fη′γγ∗ → (0.071± 0.032)
√
2fπ = 0.013±0.006, sensitive to the mixing angle ϕ

• the BABAR measurement at Q2 = 112GeV2: δF = 0.25+0.02
−0.02 − 0.23+0.03

−0.03 = 0.02± 0.02
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[J. Chai and SC, JHEP06(2025)229] • we got a larger transversal size parameter β2
ηc = 0.60

GeV−2 with the BABAR data, along with the larger
Fηcγγ∗(0) = 0.092 GeV−1

• yields ⟨b2
ηc⟩ = 0.058 fm2 ∼ ⟨r2ηc⟩ obtained from the

LQCD [J. Delaney et al., 2024]

• the larger value of Fηcγγ∗(0) is confirmed by the recent
BESIII measurement of Γ(ηc → γγ) = 11.3± 1.47 keV
[PRL 134 (2025) 181901] 3.4σ derivation from the world-average value
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Scaling behavior of proton EMFFs
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• scales like O(1/Q4) asymptotically, tamed by kT in the
intermediate regions

• the enhancement effect arises from subleading twist
LCDAs, higher-twist contributions exhibit good
convergence

• the additional hard-collinear scale kT modifies the
power-law behaviors associated with different twist. For
example, O(1/Q̃6) ∼ O(1/Q4) at the subleading twist

• naive power counting in the longitudinal virtuality
Q̃2 ∼ xix′i Q2, xiQ2, x′i Q2

• the extracted parameters show significant shifts from
QCDSRs and LQCD, been solidified/resolved by the
NLO correction ?
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Conclusion

• LCDAs provide a powerful description of hadronic structure
• Form factors for exclusive QCD processes are formally expressed as convolutions

of LCDAs with hard-scattering amplitudes

• The subleading twist contributions, tamed by the kT resummation effect, can
produce the scaling behavior of FFs at the intermediate Q2

Thank you for your patience.
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Backup slides Proton LCDAs
• The proton emergence challenges naive quark-model expectations (spin crisis and mass

decomposition)

•
〈
0
∣∣∣εijkui

α (a1z) uj
β (a2z) dk

γ (a3z)
∣∣∣ p

〉
define 24 LCDAs, in 8 parameters

Twist-3 ∼ (p+)3/2 Twist-4 ∼ (p+)1/2

LCDAs V1, A1, T1 V2, V3, A2, A3, T2, T3, T7, S1, P1

Parameters fp, Vd
1, Au

1 fp, Vd
1, Au

1, λ1, λ2, fd1, fu1, fd2
Twist-5 ∼ (p+)−1/2 Twist-6 ∼ (p+)−3/2

LCDAs V4, V5, A4, A5, T4, T5, T8, S2, P2 V6, A6, T6

Parameters fp, Vd
1, Au

1, λ1, λ2, fd1, fu1, fd2 fp, Vd
1, Au

1, λ1, fd1, fu1

• Result from QCDSR and LQCD exhibit magnificent discrepancies
[QCDSR V.M. Braun, A. Lenz and M. Wittmann, PRD 73 (2006) 094019]
[LQCD V.M. Braun, R.J Fries, N. Mahnke and E. Stein, NPB 589 (2000) 381-409]

fN (10−3) λ1 (10−2) λ2 (10−2) Vd
1 Au

1 fd1 fd2 fu1
QCDSR 5.0 ± 0.5 −2.7 ± 0.9 5.4 ± 1.9 0.23 ± 0.03 0.38 ± 0.15 0.4 ± 0.05 0.22 ± 0.05 0.07 ± 0.05

LQCD 3.7 ± 0.1 −4.0 ± 0.4 8.4 ± 0.4 0.29 ± 0.01 0.10 ± 0.01 ... ... ...

• data-driven analysis of the FFs are worthwhile
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Proton EMFFs

Aµ ≡ ⟨P′|jµ(0)|P⟩ = ū(P′)

[
γµF1(Q2)− iσµνqν

2mp
F2(Q2)

]
u(P)

=

42∑
n=1

6∑
t,t′=3

∫
[dx(′)][d2b(′)]ψt′(x′i , b′

i ,Q, µf)Ht,t′
n,µ(x(′)i , b(′)

i ,Q, µf)ψ
t(xi, bi,Q, µf).

• Dirac FF and Pauli FF are normalized to the proton charge and magnetic moments
F1(0) = 1, F1(0) + F2(0) = 2.793

• 42 Feynman dias at LO, Sudakov-multiplied twist 3-6 proton LCDAs

• ψ = e−S(xi,bi,Q)ϕ absorbes the soft and hard-collinear kT logarithms

• pQCD is applicable at intermediate energies (DATA available)

• ignore the intrinsic b dependence and the µf in φ for simplicity ⇒ the parton transversal
distributions are completely described by S(xi, bi,Q)
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Proton EMFFs

Twists 3 4 5 6

3
[xi]3[x′i ]

3 f2p
Q̃4

[xi]3[x′i ]
2 fpλj

Q̃5

[xi]3[x′i ]fpλj
Q̃6

[xi]3 f2p
Q̃7

4
[xi]2[x′i ]

3λj fp
Q̃5

[xi]2[x′i ]
2[λj]2

Q̃6

[xi]2[x′i ][λj]2

Q̃7

[xi]2λj fp
Q̃8

5
[xi][x′i ]

3λj fp
Q̃6

[xi][x′i ]
2[λj]2

Q̃7

[xi][x′i ][λj]2

Q̃8

[xi]λj fp
Q̃9

6
[x′i ]

3 f2p
Q̃7

[x′i ]
2 fpλj
Q̃8

[x′i ]fpλj
Q̃9

f2p
Q̃10

• Typical integrands from each twist combination

• high twist contributions O(1/Q̃n−2), n = t + t′

• t3 LCDAs ∼ [xi]
3, t4, t5 ∼ [xi]

2, and t6 ∼ [xi]
0 ⇓

the increasing importance of the endpoint regions with twists

• t3, t6 LCDAs ∝ fP, t4, t5 ∝ λi ∼ O(10)fP ⇓
high-twist contributions may not be suppressed at the intermediate Q2
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take the QCDSR’s parameters [PRD 73(2006)094019]

• the Q2 dependence decreases dramatically within
[5, 30] GeV2, while the data Q4F1(Q2) ∼ 1.0

• can not be understood in collinear factorization:
∼ O(1/Q6) contribution leads to descent

• the additional hard-collinear scale kT may modify
the power-law behaviors associated with different
twist: O(1/Q̃6) ∼ O(1/Q4)
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