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Three-particle decay

o In many decay processes one wants to take into account unitarity /FSI in the
three possible channels

e Khuri-Treiman equations

— Include full rescattering effects

2/ 27



Khuri-Treiman formalism: citation summary

e Developed for K — 37

Pion-Pion Scattering and K + /- --> 3pi Decay cratonsperyeer
N.N. Khuri (Princeton, Inst. Advanced Study]), S.B. Treiman (Princeton U.) "’
Aug 1, 1960

6 pages
Published in: Phys.Rev. 119 (1960) 1115-1121 .
DOI: 10.1103/PhysRev.119.1115 1960 1976 1992 2008 202
e Most prominent applications:
— n — 37 [Kambor et al. 1995, Anisovich et.al. 1996, Descotes-Genon et al. 2014,
JPAC 2015&17, Colangelo 2016, Albaladejo et al. 2017]
1’ — nrw [Isken et al. 2017
— w/¢ — 3w, my*[Kubis et al. 2012, JPAC’14°20’25, Dax et al. 2018] —this talk
— J/¢ = 3w, my* [JPAC 2023] — this talk
— eTe” — 3m/7y (a,) [Hoferichter et.al. 2018&19, Hoid 2020]
— D — Knr [Niecknig et.al. 2015]
JPC — 31 [JPAC 2019, Stamen et.al. 2022

— m1(1600) — 37 [JPAC in progress] — this talk 37



JPAC: Joint Physics Analysis Center

o Work in theoretical /experimental /phenomenological analysis

o Light/heavy meson spectroscopy

o Interaction with many experimental collaborations (BESIII, CLAS, GlueX,
KLOE, LHCb, MAMI,...) and LQCD groups

o Website: https://www.jpac-physics.org
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https://www.jpac-physics.org

Three-body: definitions

e Decay amplitude for V — 7t7= 70 (V = w, ¢, J/9)
M(Sv t, u) - ieul/aﬂeup-uq-pgpg]:(sa t, ’U,) )

o Mandelstam variable, s-channel scattering angle and momenta

s=(py+p-)*, t=@o+ps)’. u=(po+p_)>,

__tmu sinf.(s,t. u :—¢(s,t,u)
cosbls, ) = et O = g ()
(s m2,,m2_ A2 s,m%,,, m2
plo) = e ) ) BT )
IM(s,t,u)|> = <2¢§smesp< )a(s))” |F (s, t, ),
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Khuri-Treiman representation of the amplitude

o s-channel partial-wave (pw) expansion of the amplitude

F(s,t,u) = > (p(s) a())" " Pj(zs) fa(s),
J=0
o Khuri-Treiman/isobar decomposition of the amplitude
Jmax
F(s,t,u) = Y (p(5)a(5))" 7" Pjzs) Fi(s) + (s <> 1) + (s <> ),
J=0

o Consider only J = 1 isobars
F(s,t,u) = Fi(s) + Fi(t) + Fi(u),

e pw projection of the KT decomposition

. . 1
Fi(s) = Fi(s) + Fu(s),  Eu(s) = 3[1

Fi(s): right-hand cut (RHC)
— Fi(s): left-hand cut (given by the RHC of the crossed channels Fi(t), Fy(u)) 6/27
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Unitarity and analyticity
o Unitarity relation for the isobar amplitude Fi(s)
~ ~
/ NN
e
N

discFi(s) = 21 (Fl(s) + F‘l(s)> sind(s)e 0)g(s — 4m2),

Tm

« Complications: integration contour for F(s)

o C(lassic’ strategy (Khuri-Treiman, 1960)

deform path of angular integral
to avoid crossing branch cuts
o Alternative approach (Gasser and Rusetsky, 2018)

— deform path of dispersion relation
727



KT equations: DR, solutions, subtractions

o Unsubtracted dispersion relation:

Fi(s) = 1[;’0 ds’ M’ Fi(s) = 0u(s) <a+ f/oo ds' sin & (s') Fl(sl)> |

2 Jam2 s'—s 7 Jamz 8" |Qu1(s")| (s' — s)

Garcia-Martin, et al. PRD 83, 074004 (2011)

o J1(s): mm phase taken as input:

g

e Solution by numerical iteration

51(s) [degree]
g

— Initial input: Fy; = Q4 (s)
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KT equations: solutions for w — 37

e Once-subtracted dispersion relations

™

mz (8")2 [Q(s)] (s" — s)

Fi(s) = Qu(s) <a+b/s+52f o 51“51<8’>F1<s’>>’ i

e Sum rule:

b Eb'/a:l/oo ds’ sirlél(s’)Fl(s’)/a. Eﬁof
4

m2 (8')? 1Q1(s")]
e Solution

3" iter.
T

JPAC Eur Phys J.C 80 (2020), 1107

4™ jter.

Fi(s) = a[Fu(s) + b Fy(s)]

I I
04 0.6
s (GeV?)

I
0.8 1.0

14 52/00 ﬁsinél(s’)ﬁa(s’)
amz 8”7 [ (s")|(s" — s)

. 32/00 ds’ sin 01 (s') Ey(s)
amz 8”2 [Q1(s)[(s" — 5)

I I
0.4 0.6
5 (GeV?)

I
08 1.0
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KT equations: solutions for ¢ — 37 and J/¢ — 37

JPAC, 2505.15309 [hep-ph] JPAC, Phys.Rev.D 108 (2023), 014035

1% iter. == ond jter,  =mem 5 ter. 6 iter. a
—— 1" iteration == 1" iteration
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V — 7%4* transition form factor

« Two-pion contribution to the discontinuity to w — 70*:

. 3
é” discforo(s) = ié’ﬂ(j)gFX () (s )B(s — dm2)
e FY (s) = 9(s)
w : : I--h-ﬂ-

« One-subtracted dispersion relation for w — 70*:

[T PR
1272 Jymz (8')3/2 (s —s) ’

fwﬂ'o (8) - ’foﬂro (O)’ eid)wwo(o) +

e2(m?2 —m2,)3
MNw — WOWQ ::““E%;;E;fﬂg‘*|f@w0(0)F
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Combined analysis of w — 37 and w — 7%9*
« We have a total of five parameters: |a|, b = [b|e?®?, f,,x0(0) = | furo(0)] ei%wr0(©)

« We minimize the following x? function:

2
exp _ ,th 2 exp _ pRth 2 exp _ ~th 2 exp _ 1Tth
X2 — o @ + B B + 2l v + Fw~>37'r Fw—>37r
O'aexp O'ﬁexp O-,yexp O’l—\cxf)3

2 2
75 (Y (T, ~ Mo,

exp,i

wm w0y

o w— 1mtr~ 70 Dalitz parameters: (X = fR =VZcos¢, Y = %=2 = \/Zsin qi))

F(Z,9)] = NP [1+ 202 +202°sin3¢ + 2927 + O(2°/?)]

Reference a x 103 B x10% v x10°
WASAQCOSY [PLB 770, 418 (2017)]  133(41) 37(54) —
BESIII [PRD98, 112007 (2018)] 120.2(8.1) 29.5(9.6) —

BESIII [PRD98, 112007 (2018)] 111(18) 25(10) 22(29) 12/27




JPAC, Eur.Phys.J.C 80 (2020), 1107

high ¢.-0(0)  grac
low ¢r0(0) JEE
MAMI(17)
NAG0(‘16)
NAG0(09)
Fuim(s) = a'Q(s)

D

Combined analysis of w — 37, 70~

o Values of the fitted Dalitz parameters: }';’:ZE?)
Reference ax 103 B x 103 ~ x 103
WASAQCOSY [PLB 770, 418 (2017)]  133(41) 37(54) — 10
BESIII [PRDYS, 112007 (2018)] 120.2(8.1) 29.5(9.6) -
BESIII [PRDYS, 112007 (2018)] 111(18) 25(10) 22(29)
KT 1 sub (this work) 120.1(7.7)(0.7)  30.2(4.3)(2.5) —
KT 1 sub (this work) 109(14)(2) 26(6)(2) 19(5)(4)
KT unsub [EPJC 72, 2014 (2012)] 77(4) 26(2) 5(2) .
Omnés [EPJC 72, 2014 (2012)] 116(4) 28(2) 16(2)

1,000

Subtraction constant:

bris ~ 2.65(35)e 7027 Gev 2

VS

be ~ 0.55¢0-15% GeV 2 ‘

Jumo(s)

Jumo(0)

10 ¢

i
s

T T
~=== furo(s), 1 sub.
— £%,(s), 1 sub.
) £ (), 1 sub.
100 | ===+ furo(s), 0 sub.
— %), 0 sub.
FEo(s), 0 sub.

. -
4 MAMI(17) |
1 NAG60(‘16) |
4 NAGO(‘09)

CMD(‘03) o
1 SND(‘13) 1




Combined analysis of ¢ — 37 and ¢ — 7%

« We minimize the following x? function:

exp _ afth

events,i events,?
O nexp
events,i

TexP th

¢—3m Fqsﬁ»:‘m

Oexp
F<p—>31r

2 .
+Z |f Wpy ‘2_|ft}7.r(si)|2

O ,exp,i
i fon

o O — ata—rn0 Dalitz-plot [xLoE PLB 757, 362 (2016)]:
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Y (MeV)

Combined analysis of ¢ — 37 and ¢ — 7%

o Fits to Dalitz plot and TFF:

350 [ 350 - T T 4
1l e e
300k, b4 i AT 3 JPAC, 2505.15309 [hep-ph]
250,:_" i 1 ".. i 2 L B B B B B R S B
= 200f d . II. - :' ! 5
Rt i st B A
100 ! B L L -=-= Theory
s0f TERb L B Theory (bins) ]
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8000 p—w mixing eﬁect
6000 -
4000 F
2000 =
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7\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\7
¢ Subtraction constant: 00 01 02 03 04 05 06 07 08 09
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biic = 0.76¢43 GV =2 |vs| by = 0.7960% GV~ |
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Y (MeV)

Combined analysis of ¢ — 37 and ¢ — 7%

o Fits to Dalitz plo

t and TFF:
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J/1» — 3m BESIII data analysis

e Dominated by the p
o BESIII data [PLB 710 (2012)]

« JPAC analysis: L JPAC Coll, Phys.Rev.D 108, 014035 (2023)
«  BESII data (2012)
Two-bod, .

W y [ Fi(s) = dQ(s) (Fi(s) =0) 1

— KT unsub basic — — KT 0sub PAC
features 5t — KT 1sub k
— KT 1-sub improves

the description

Events x 10°/2.4 MeV
N

3,
bey = 0.198(35)ei2675(300) Gey—2 2
VS 1t
by = 0.14161232 GV 2|
8.0 0.5

Mar  [GeV] 17/27



JPAC J/i) — 37 BESIII data analysis

e Dominated by the p
o BESIII data [PLB 710 (2012)]
e JPAC analysis:

— Dalitz plot distribution
similar to experimental one

m(xn®)? [GeV3/c?)

6 B
m(n*n")? [GeV/c!]
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Contribution of the F-wave

o Isobar decomposition of the amplitude including F-wave:
F(s,t,u) = Fi(s) + Fi(t) + F1(u)
+ (p(5)4(5))*P3(25) F3(s) + (p(1)q(1))* P(2) F3(t) + (p(w)q(u))* P(24) F3(u)

o Fi3(s)is the P, F-wave isobar amplitude

o Discontinuity of the F-wave:
disc F3(s) = 2i (Fg(s) + Fg(s)) sin 83(s) e 7%) (s — 4m?),
« We neglect F3(s) (for simplicity)

S

FS(S) :pg(S)Qg(S)’ 93(8) — exp [ /00 d5,53(3/)‘|

T Jamz ' 8" —s

19/ 27



Model of the F-wave: p3(1690) exchange
o Exchange of a p3(1690) in the s-channel with an energy-dependent width:

F . sz 1‘\@ . FRmR p(S) e F@ 2

3(8)lpw = m2, — s — im,,T5-3(s) r(s) = Vs \p(m%) ( R(8)> ’
S _ 20(z0 — 15)2 +9(229 — 5)2 9 o 2 2, 9

p(s) = %U”(s)’ Fr(s) = \/ (;((z(]— 15))2 ;—L9((220_ 5)2) , z2=rpp7(s), 20 =TRP (My,),

o Extraction of the F-wave phase and Omnes F-wave function:

_ ImF3(s)|sw
ReF3(s)|pw ’

Q3(s) = exp ls / h ds’dg(sl)] , <. —

tan d3(s)

85(s) [in degree]

T Jam2 8" 8 —s

Vi (GeV] Vi [Gev]
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JPAC J/i) — 37 BESIII data analysis

* Dominated by the P JPAC Coll, Phys.Rev. D108, 014035 (2023)

o BESIII data [PLB 710 (2012)] w w w w w
7,
o JPAC analysis: BESIII data (2012)
6 i
- TWO—bOdy KT 1 sub
KT 1 sub + F wave
— KT unsub basic 5t Ac
features ;lf&ﬁ

— KT 1-sub improves

Events x 10°/2.4 MeV
~

the description 3t
— KT 1-sub+F-wave ol J
describe better
Mpr ~ 1.5 GeV. 1r
80 0.5 1.0 15 2.0 25 3.0
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(25) — mrr 7" decays

Completely analogous formalism

Larger phase space,

_ o BESII (2012) ' ' }
M(ag) = 3.68610 GeV o0 }i}ﬁ} ,
BESIII data [PLB 710 (2012)] -+ KT 1 sub (P wave) }*
Why does the ¥(25) — a7 70 s T KT T (Eerwared J o
Dalitz plot differ so dramatically é
from J/¢ — 7Fa 707 o 1000}
=
(4
— p(2150)? B ol
— Coupled-channels?
0,
05 1.0 15 2.0 25 3.0 35
Mz [GeV]




J/1p — 3m: future analyses

« Until 2022, BESIII collected 10 billion J/1 events

— Expect to see roughly 200 million J/1) — 37 events (vs ~1.9 million in 2012)
— High-precision p-w mixing extraction (JPAC, ongoing)

5

&8 o x>

Events/6 MeV  (x10°)

%)

J/¥ — 37 (BESII preliminary) o>

Mgt 7

0
0.60 0.65 0.70 0.75

0.80 0.85 0.90
[GeV]

m2. , [GeV?]

m2 0 [GeV?]

m. 0 [GeV?]

oS N & o o

200

150

100

m(n®)? [GeVi/c]

m(nn%? [GeV2/c!]

; 20
10
m(n*n’)? [GeVi/c'] 23 / 27



J/¢ — 7%* transition form factor

 Dispersive representation (once-subtracted)

0 : * J/p—3m
@% Joro5) = apuma O rvrt @ 4 L5 [~ o PO E G T )

vy B fuy O o)
@ 3.0 ‘ ‘ ‘
T/ TR JPAC Coll, Phys.Rev. D108, 014035 (2023)
. —. 25 —  Once-subtracted (KT 1 sub) -
¢ |f‘1/w”0 (0)] from data: '> ——  Once-subtracted (KT 0 sub)
2 2 2 3 )
oy _ ¢ (’mJ/wf’mﬂU) 9 & 20 —.— Unsubtracted (KT 1 sub) 4
LU = =) = W |f‘]/w7"0 O, : - Unsubtracted (KT 0 sub)
' S 15 1
® ¢,.0(0) only free parameter X
Z 1.0 E
e No data, ¢, ,0(0) =0 ;g
— 05 4
0'8.0 0.5 1.0 1.5 == 20
Vs [GV]



J/¢ — 7%* transition form factor

o Recent measurement by BESIII [Phys.Rev.D 112 (2025) 1, L011101]

E ! : bispe;rsion '(heor\'/ E
. I Khuri-Treiman analysis —
---------- Effective Lagrangian theol
10 & —$— Data = X-H Cao et al., Phys.Rev. D113, 074030 (2026)
E -G, Rion form factor__~ 3 ‘
E — Fit " a 3
a r N - | P Theory-1
“‘3 ! E —— Theory-I (bins)
°\§ E & F BESIIl ('25)
3 L i
= 10" = H 2
107
E f =
e 4F { E
b 2F E
o] E ) 3
5 0 ?"‘“"“i*‘d{,{ ]'({H*‘J'H' 1 3
o -2F E
40 1 2 3

M. (GeV/c?)




o, [GeV?]

Exotic m1(1600) — 37 KT analysis (preliminary)

o Exotic with JF¢ =1+

COMPASS, 2108.01744
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Outlook

¢ Khuri-Treiman equations:

Dispersive representation for 3-particle Final-State Interactions

Based on fundamental principles: analyticity, unitarity and crossing
symmetry

Input: 77 scattering phase shifts
Resonance shape affected by left-hand cuts / 3-body effects
Predictive power (subtraction constants)

Experimental data well described

27 /27



QCD: open questions
¢ Asymptotic freedom at
high energies (“weak QCD”)
o Confinement at low energies (“strong QCD”),

no quarks+gluons, only hadrons

e Hadron spectrum and interactions:
why these states? scattering, decays of hadrons?

— (perturbative) QCD does
not answer any of these questions!

Remedies:

as(Q?)
o
o

0.05

1T decay (N3LO)
low Q2 cont. (N3LO) *
Heavy Quarkonia (NNLO) 7
HERA jets (NNLO) ~+—
e*e’ jets/shapes (NNLO+NLLA) v 7
e*e” 20 pole fit (N3LO) e~
PP/pP jets (NLO) +a-
pp top (NNLO) +e~ ]
pp TEEC (NNLO)

= 0g(mz?) = 0.1180 + 0.0009

10 100 1000

August 2023 ey
Mass [MeV]
A
)
A
[
1000+ 2, o0 E
n
p,o
pommmmmeey
L
s00F | K E
! |
' 1
! 1
! i
| :
i T
[
0
mesons baryons

o Effective Field Theories: symmetries, separation of scales

e Dispersion Theory: unitarity, analyticity, crossing symmetry

o Lattice QCD: approach to solving a discretized version of QCD on a computer

1/7



Warm-up: the pion vector form factor

L4 Unitarity 7(p) V(=) 7(p)
w(p') ' (1) w(p')
discFy(s) = 2iImF,(s) = 2iox(s)Fy(s)ti*(s) = 2iFy(s)sin 5%(8)6—%%(5) ’

o Analytic solution, Omneés equation [Omnes, Nuovo Cimento 8, 316 (1958)]

00 3 /
F(s) = 5 [ B gy
4

270 Jam2 S’ — s

S s [ 1 s

o Polynomial P(s), not fixed by unitarity: matched to EFT or by data

)

2/7



Omnes equation

o Diagrammatic interpretation

g ™ ™ ™ T T T
va<:wvv\<+ww\<>< +mm\<><><+...
. T = T m ™ -

e Solution: depends solely on the P-wave phase shift of 7

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
200 T T T

s) [degree]

a1

-4
00

Real B
Imaginary
Modulus 4

0.5
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Omnes equation

o Diagrammatic interpretation

g ™ ™ ™ T T T
va<:wvv\<+ww\<>< +mm\<><><+...
. T = T m ™ -

e Solution: depends solely on the P-wave phase shift of 7

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
200 T T T

s) [degree]

a1

-4
00

Real B
Imaginary
Modulus 4

0.5
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The pion vector form factor

e P(s) =1+ as, with a = 0.11 GeV~2 due to inelasticities

| Fe(s)[?

40 —

300 ...

20+

10¢

P(s) x Q(s)
Q(s)

xPTat O(p*)
Belle data (2008)

...........

5/7



KT equations: DR, solutions, subtractions

o Unsubtracted dispersion relation:

Fi(s) = ! Aoo ds' M, Fi(s) = Qi(s) <a+8/°° ds' Sin51(8’)F1(8')>7

T omi m2 s'—s 7 Jam?2 s ()| (s — s)

e 01(s): mm phase taken as input:
— Old solution [Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)]
New solutions [Pelaez, Rodas, Ruiz De Elvira, Eur. Phys. J. C79, 1008 (2019)]
— Central analysis performed with solution I for d;(s)
— The spread in the other solutions: theoretical uncertainty

180

e
I

135

{ryams(73)  sol1

61(s) [in degree]

© 0 B 100} — Solution I (central)
Framsl-- son | —— Solution I
Hyamsi-+] solil | s —— Solution 111
© 4 Estabrooks  Oldsol. | ++ Old solution
% Protopopescu -
o RN W e S R 85 = 5 5 =5 s 6/7

o
=

06 08 1 12 14 16 18



On the ¢,,0

o Two solution for ¢,,o

JPAC Collaboration, Eur.Phys.J. C80 (2020) no.12, 1107

T T T T T T T T T T
2 2
6l LT ———— XRagy =rem X3,
J/ NNa6o Naz
L , 4
4
4
L / 4
,
’
L h 4
’
’
41 |
1
’
S PELIS i
’ \ ’
’ \ ,
[ \ 4 N
7 A
] . \
H o .. v B
B . \
Kd Y AN
2 04 \ 5 A
< NS \ ’
7.l o ~.’ . . \\ ,I 1
S, -
~. ., R4
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KT 1 sub vs Omnes

o Accidental cancellation of |F'(s,t, u)

|F(s,t = u,u)f?
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