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Three-particle decay
• In many decay processes one wants to take into account unitarity/FSI in the

three possible channels
• Khuri-Treiman equations:

— Include full rescattering effects

Motivation

different decay processes that decay into ⇢⇡ final states
effects of the ⇢ described by Omnès function [Omnès; 1958]

include full rescattering effects
Khuri–Treiman equations [Khuri, Treiman; 1960]

in which process at what energy are rescattering effects observable?

Dominik Stamen (HISKP) 3⇡ rescattering effects 15.11.2022 2 / 16
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Khuri-Treiman formalism: citation summary
• Developed for K → 3π

• Most prominent applications:
— η → 3π [Kambor et al. 1995, Anisovich et.al. 1996, Descotes-Genon et al. 2014,

JPAC 2015&17, Colangelo 2016, Albaladejo et al. 2017]
— η′ → ηππ [Isken et al. 2017]
— ω/ϕ → 3π, πγ∗[Kubis et al. 2012, JPAC’14’20’25, Dax et al. 2018] →this talk
— J/ψ → 3π, πγ∗ [JPAC 2023] → this talk
— e+e− → 3π/πγ (aµ) [Hoferichter et.al. 2018&19, Hoid 2020]
— D → Kππ [Niecknig et.al. 2015]
— JPC → 3π [JPAC 2019, Stamen et.al. 2022]
— π1(1600) → 3π [JPAC in progress] → this talk 3 / 27



JPAC: Joint Physics Analysis Center
• Work in theoretical/experimental/phenomenological analysis
• Light/heavy meson spectroscopy
• Interaction with many experimental collaborations (BESIII, CLAS, GlueX,

KLOE, LHCb, MAMI,...) and LQCD groups
• Website: https://www.jpac-physics.org

Work in analysis
Light/heavy meson
Interaction with many : (GlueX, CLAS, BES, …) and
Web site: https://www.jpac-physics.org/

1/17
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Three-body: definitions
• Decay amplitude for V → π+π−π0 (V = ω, ϕ, J/ψ)

M(s, t, u) = iϵµναβϵ
µpν+p

α
−p

β
0 F(s, t, u) ,

• Mandelstam variable, s-channel scattering angle and momenta

s = (p+ + p−)2 , t = (p0 + p+)2 , u = (p0 + p−)2 ,

cos θs(s, t, u) = t− u

4 p(s) q(s) , sin θs(s, t, u) =
√
ϕ(s, t, u)

2
√
s p(s) q(s) ,

p(s) =
λ

1
2 (s,m2

π+ ,m2
π−)

2
√
s

, q(s) =
λ

1
2 (s,m2

J/ψ,m
2
π0)

2
√
s

,

|M(s, t, u)|2 = 1
4
(
2
√
s sin θsp(s)q(s)

)2 |F(s, t, u)|2 ,
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Khuri-Treiman representation of the amplitude
• s-channel partial-wave (pw) expansion of the amplitude

F (s, t, u) =
∞∑

J=0
(p(s) q(s))J−1 P ′

J(zs) fJ(s) ,

• Khuri-Treiman/isobar decomposition of the amplitude

F (s, t, u) =
Jmax∑

J=0
(p(s) q(s))J−1 P ′

J(zs) FJ(s) + (s ↔ t) + (s ↔ u) ,

• Consider only J = 1 isobars
F (s, t, u) = F1(s) + F1(t) + F1(u) ,

• pw projection of the KT decomposition

f1(s) = F1(s) + F̂1(s) , F̂1(s) = 3
∫ 1

−1

dzs
2 (1 − z2

s )F1(t(s, zs)) ,

— F1(s): right-hand cut (RHC)
— F̂1(s): left-hand cut (given by the RHC of the crossed channels F1(t), F1(u)) 6 / 27



Unitarity and analyticity
• Unitarity relation for the isobar amplitude F1(s)

3.4. Prominent applications

F T +

F

T

T

F

T

T +

F

T

T

T

F

T

T

T

+ ...

Figure 3.8: Qualitative illustration of rescattering effects in a three-body decay. The vertex
T includes the resummation of elastic two-particle scattering, the left diagram corresponds
to the homogeneous part of the single variable function A from Eq. (3.103) with right-hand
cut (red). The remaining ones are contributions arising due to the inhomogeneity. The blue
dashed lines indicate left-hand cuts in the crossed channels, while a three-particle cut is
denoted by the green line. For simplicity none of the plenty of possible cuts is shown in the
very last diagram.The infinite amount of contributing diagrams is obtained by expressing
Â in terms of A and iterating Eq. (3.103).

in Ch. 8, in all its details. Note that the mentioned problems do not come up for 2 ! 2

processes.

– 53 –

discF1(s) = 2i
(
F1(s) + F̂1(s)

)
sin δ(s)e−iδ(s)θ(s− 4m2

π) ,

• Complications: integration contour for F̂1(s)
• Classic’ strategy (Khuri-Treiman, 1960)

— deform path of angular integral
to avoid crossing branch cuts

• Alternative approach (Gasser and Rusetsky, 2018)
— deform path of dispersion relation

Refs. [37,39]. We note that Eq. (19) is exact in the elastic
region, while for higher energies one has to incorporate
inelastic contributions. Also, Eq. (19) was derived in the
physical region of the s channel, which corresponds to
s ≥ ðM þmπÞ2 and jzsj ≤ 1. To obtain FðsÞ in the decay
region 4m2

π ≤ s ≤ ðM −mπÞ2 the right-hand side of
Eq. (19) has to be analytically continued in s. Analytical
continuation of the direct-channel contribution is well
known. However, analytical continuation of the exchange
contribution is more difficult and was extensively studied
in Refs. [27,30]. If the integration over zs is replaced by
an integration over t, by using Eq. (4) the exchange
contribution becomes

F̂ðsÞ ¼ 3

kðsÞ

Z
tþðsÞ

t−ðsÞ
dtð1 − z2sðs; tÞÞFðtÞ; ð21Þ

with

t%ðsÞ ¼ M2 þ 3m2
π − s

2
% kðsÞ

2
: ð22Þ

In the s channel the limits of integration t%ðsÞ lie on the
negative real axis (labeled as region IV in Fig. 3) and do not
overlap with the cut of the integrand extending over the
positive real axis above t ¼ 4m2

π . As shown in Ref. [30],
analytical continuation to the decay region requires that the
integration is deformed to follow a path that does not cross
the unitarity cut of FðtÞ for t ≥ 4m2

π, as shown in Fig. 3. It is
worth noting that once kinematical singularities have been
removed, the t dependence induced by the partial-wave
projection, the factor ð1 − z2sðt; sÞÞ in Eq. (21) does not
have singularities in t. In the decay region, DiscFðsÞ is a
complex function of swith singularities arising from cuts in

the barrier factor kðsÞ, cf. Eq. (4). Guided by the analysis of
the triangle diagram in perturbation theory, the proper
determination of the singularities in kðsÞ for s ≥ 4m2

π was
shown in Ref. [27] and the right analytical structure of
kðsÞ is

kðsÞ ¼

8
<

:

þκðsÞ; 4m2
π ≤ s ≤ ðM −mπÞ2;

iκðsÞ; ðM −mπÞ2 ≤ s ≤ ðM þmπÞ2;
−κðsÞ; ðM þmπÞ2 ≤ s < þ∞;

κðsÞ ¼ 1

s
jλðm2

π; m2
π; sÞλðM2; m2

π; sÞj1=2: ð23Þ

In the next section we discuss solutions of Eq. (19).

IV. SOLUTION STRATEGIES

From the discontinuity (19) one can reconstruct the
amplitude using the dispersion relation (20). For practical
reasons, however, it is useful to represent the amplitude
FðsÞ as a product of two functions,

FðsÞ ¼ ΩðsÞGðsÞ; ð24Þ

where the function ΩðsÞ satisfies the following unitarity
relation for s ≥ sπ ¼ 4m2

π:

DiscΩðsÞ ¼ ρðsÞt&ðsÞΩðsÞ þ inelastic θðs > siÞ; ð25Þ

where the first term on the right-hand side represents the
elastic contribution. The advantage of the representation in
Eq. (24) is that one can absorb the homogeneous part
[cf. the first term on the right-hand side of Eq. (19)] into
ΩðsÞ, leaving the contribution from the cross channel in

FIG. 3 (color online). Left: Integration contour. The analytical continuation from the scattering region to the decay region is made by
adding a positive infinitesimal imaginary part to the vector-meson mass: M2 → M2 þ iϵ [27]. Right: Part of the Mandelstam plane,
where the decay and s-channel scattering regions are shown.

DISPERSIVE ANALYSIS OF … PHYSICAL REVIEW D 91, 094029 (2015)

094029-5
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KT equations: DR, solutions, subtractions
• Unsubtracted dispersion relation:

F1(s) = 1
2πi

∫ ∞

4m2
π

ds′ discF1(s′)
s′ − s

, F1(s) = Ω1(s)
(
a+ s

π

∫ ∞

4m2
π

ds′

s′
sin δ1(s′) F̂1(s′)
|Ω1(s′)| (s′ − s)

)
,

• δ1(s): ππ phase taken as input:

��� ��� ��� ���
�

��

���

���

���
Garcia-Martin, et al. PRD 83, 074004 (2011)

----

⋯⋯

––

��� ��� ��� ��� ���
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-�

�

�

�

�

• Solution by numerical iteration
— Initial input: F1 = Ω1(s)

2.4 Solution strategy and numerical implementation 31

input calculate F̂ calculate F

result accuracy?

Figure 2.3: The standard numerical iteration scheme to solve the Khuri–Treiman equa-

tions is shown. Starting with an arbitrary input for the single-variable amplitudes, most

efficiently the Omnès function, the inhomogeneities are calculated. With these a new set

of single-variable amplitudes is calculated. The procedure is resumed until satisfactory

convergence is achieved.

where the Fi(s, t, u) are the basis functions, the solutions to the subtraction-constant con-
figuration, for example cj = δij , j ∈ {0, 1, .., n − 1}. In our explicit V → 3π case, given by
Eq. (2.39), we have only one subtraction and thus only one basis function. The subtrac-
tion constant can be seen as just an overall normalization such that the obtained energy
dependence of the calculated decay amplitude is a pure prediction.

Generally, the integral equations, for a fixed subtraction configuration, are solved by an
iterative solution procedure depicted in Fig. 2.3. It is the standard method used to solve
these equations, being numerically simple and fast. Starting with an arbitrary input for the
single-variable amplitudes, the inhomogeneities are evaluated. With these the dispersion
integrals are determined to obtain a new set of single-variable amplitudes. This cycle is
repeated until satisfactory convergence is reached. In the case of convergence the solution
is unique as we will see later in Section 4.4 when we review and develop a new solution
strategy. However, it is not guaranteed that the iteration does converge to a solution and
we will show numerically that under some circumstances the iteration procedure indeed
breaks down.

The numerical implementation of the iterative procedure has been described in many
previous works. We will display the most common implementation method performed in
Refs. [33, 46, 58], to name a few. The dispersion relation we have to solve is given by
Eq. (2.39)

F(s) = Ω(s)

{
c0 +

s

π

∫ ∞

4M2
π

ds′

s′
sin δ1

1(s
′)F̃(s′)

|Ω1
1(s

′)|κ3(s′)(s′ − s)

}
. (2.48)
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KT equations: solutions for ω → 3π
• Once-subtracted dispersion relations

F1(s) = Ω1(s)
(
a+ b′ s+ s2

π

∫ ∞

4m2
π

ds′

(s′)2
sin δ1(s′) F̂1(s′)
|Ω1(s′)| (s′ − s)

)
,

• Sum rule:
bsr ≡ b′/a = 1

π

∫ ∞

4m2
π

ds′

(s′)2
sin δ1(s′) F̂1(s′)/a

|Ω1(s′)| .

• Solution

F1(s) = a [Fa(s) + b Fb(s)] ,

Fa(s) = Ω1(s)
[

1 + s2

π

∫ ∞

4m2
π

ds′

s′2
sin δ1(s′) F̂a(s′)
|Ω1(s′)|(s′ − s)

]
,

Fb(s) = Ω1(s)
[
s+ s2

π

∫ ∞

4m2
π

ds′

s′2
sin δ1(s′) F̂b(s′)
|Ω1(s′)|(s′ − s)

]
.
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KT equations: solutions for ϕ → 3π and J/ψ → 3π
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V → π0γ∗ transition form factor
• Two-pion contribution to the discontinuity to ω → π0γ∗:

discfωπ0(s) = i
p3(s)
6π

√
s
F V

∗
π (s)fω→3π

1 (s′)θ(s− 4m2
π) ,

F Vπ (s) = Ω(s)

ω π0

π+ π−

γ∗

• One-subtracted dispersion relation for ω → π0γ∗:

fωπ0(s) = |fωπ0(0)| eiϕωπ0 (0) + s

12π2

∫ ∞

4m2
π

ds′

(s′)3/2
p3(s′) F Vπ ∗(s′) fω→3π

1 (s′)
(s′ − s) ,

Γ(ω → π0γ) =
e2(m2

ω −m2
π0)3

96πm3
ω

|fωπ0(0)|2
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Combined analysis of ω → 3π and ω → π0γ∗

• We have a total of five parameters: |a|, b = |b|eiϕb , fωπ0(0) = |fωπ0(0)| eiϕωπ0 (0)

• We minimize the following χ2 function:

χ2 =
(
αexp − αth

σαexp

)2

+
(
βexp − βth

σβexp

)2

+
(
γexp − γth

σγexp

)2

+
(

Γexp
ω→3π − Γth

ω→3π
σΓexp

ω→3π

)2

+
∑

i

(
|f exp,i
ωπ |2 − |f th

ωπ(si)|2
σfexp,i

ωπ

)2

+
(

Γexp
ω→π0γ − Γth

ω→π0γ

σΓexp
ω→π0γ

)2

• ω → π+π−π0 Dalitz parameters:
(
X = t−u√

3Rω
=

√
Z cosϕ , Y = sc−s

Rω
=

√
Z sinϕ

)

|F(Z, ϕ)|2 = |N |2
[
1 + 2αZ + 2βZ3/2 sin 3ϕ+ 2γZ2 + O(Z5/2)

]

Reference α× 103 β × 103 γ × 103

WASA@COSY [PLB 770, 418 (2017)] 133(41) 37(54) —
BESIII [PRD98, 112007 (2018)] 120.2(8.1) 29.5(9.6) —
BESIII [PRD98, 112007 (2018)] 111(18) 25(10) 22(29) 12 / 27



Combined analysis of ω → 3π, π0γ∗

• Values of the fitted Dalitz parameters:
Reference α× 103 β × 103 γ × 103

WASA@COSY [PLB 770, 418 (2017)] 133(41) 37(54) —
BESIII [PRD98, 112007 (2018)] 120.2(8.1) 29.5(9.6) —
BESIII [PRD98, 112007 (2018)] 111(18) 25(10) 22(29)
KT 1 sub (this work) 120.1(7.7)(0.7) 30.2(4.3)(2.5) —
KT 1 sub (this work) 109(14)(2) 26(6)(2) 19(5)(4)
KT unsub [EPJC 72, 2014 (2012)] 77(4) 26(2) 5(2)
Omnès [EPJC 72, 2014 (2012)] 116(4) 28(2) 16(2)

• Subtraction constant:

bFit ≃ 2.65(35)e1.70(27)i GeV−2

vs
bsr ≃ 0.55e0.15i GeV−2

JPAC, Eur.Phys.J.C 80 (2020), 1107
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bFit ≃ 2.65(35)e1.70(27)i
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Combined analysis of ϕ → 3π and ϕ → π0γ∗

• We minimize the following χ2 function:

χ2 =

(
Nexp

events,i −Nth
events,i

σNexp
events,i

)2

+

(
Γexp
ϕ→3π − Γth

ϕ→3π
σΓexp

ϕ→3π

)2

+
∑

i

(
|fexp,i
ϕπ

|2 − |f th
ϕπ(si)|2

σ
f

exp,i
ϕπ

)2

+

(
Γexp
ϕ→π0γ

− Γth
ϕ→π0γ

σΓexp
ϕ→π0γ

)2

• ϕ → π+π−π0 Dalitz-plot [KLOE PLB 757, 362 (2016)]:
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• F Vπ (s) = P (s)Gω(s)Ω(s)
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Combined analysis of ϕ → 3π and ϕ → π0γ∗

• Fits to Dalitz plot and TFF:

JPAC, 2505.15309 [hep-ph]
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• Subtraction constant:
bFit = 0.76e0.43i GeV−2 vs bsr = 0.79e0.69i GeV−2
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Combined analysis of ϕ → 3π and ϕ → π0γ∗

• Fits to Dalitz plot and TFF:

JPAC, 2505.15309 [hep-ph]
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• Subtraction constant:
bFit = 0.76e0.43i GeV−2 vs bsr = 0.79e0.69i GeV−2
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J/ψ → 3π BESIII data analysis
• Dominated by the ρ
• BESIII data [PLB 710 (2012)]

• JPAC analysis:
— Two-body
— KT unsub basic

features
— KT 1-sub improves

the description

bfit = 0.198(35)ei2.675(300) GeV−2

vs
bsr = 0.141ei2.32 GeV−2
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JPAC J/ψ → 3π BESIII data analysis
• Dominated by the ρ
• BESIII data [PLB 710 (2012)]

• JPAC analysis:
— Dalitz plot distribution

similar to experimental one

Sol·licitud 1

1

0
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Contribution of the F -wave
• Isobar decomposition of the amplitude including F -wave:

F (s, t, u) = F1(s) + F1(t) + F1(u)

+ (p(s)q(s))2P ′
3(zs)F3(s) + (p(t)q(t))2P ′

3(zt)F3(t) + (p(u)q(u))2P ′
3(zu)F3(u) ,

• F1,3(s) is the P, F -wave isobar amplitude
• Discontinuity of the F -wave:

discF3(s) = 2i
(
F3(s) + F̂3(s)

)
sin δ3(s) e−iδ3(s) θ(s− 4m2

π) ,

• We neglect F̂3(s) (for simplicity)

F3(s) = p3(s)Ω3(s) , Ω3(s) = exp
[
s

π

∫ ∞

4m2
π

ds′

s′
δ3(s′)
s′ − s

]
,
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Model of the F -wave: ρ3(1690) exchange
• Exchange of a ρ3(1690) in the s-channel with an energy-dependent width:

F3(s)|BW =
m2
ρ3

m2
ρ3 − s− imρ3Γℓ=3

ρ3 (s) , ΓℓR(s) = ΓRmR√
s

(
p(s)
p(m2

R)

)2ℓ+1 (
F ℓR(s)

)2
,

p(s) =
√
s

2 σπ(s) , F ℓ=3
R (s) =

√
z0(z0 − 15)2 + 9(2z0 − 5)2

z(z − 15)2 + 9(2z − 5)2 , z = r2
Rp

2(s) , z0 = r2
Rp

2(m2
ρ3) ,

• Extraction of the F -wave phase and Omnès F -wave function:

tan δ3(s) = ImF3(s)|BW
ReF3(s)|BW

,

Ω3(s) = exp
[
s

π

∫ ∞

4m2
π

ds′

s′
δ3(s′)
s′ − s

]
,
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JPAC J/ψ → 3π BESIII data analysis

• Dominated by the ρ
• BESIII data [PLB 710 (2012)]

• JPAC analysis:
— Two-body
— KT unsub basic

features
— KT 1-sub improves

the description
— KT 1-sub+F-wave

describe better
mππ ∼ 1.5 GeV.
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ψ(2S) → π+π−π0 decays

• Completely analogous formalism
• Larger phase space,
mψ(2S) = 3.68610 GeV

• BESIII data [PLB 710 (2012)]

• Why does the ψ(2S) → π+π−π0

Dalitz plot differ so dramatically
from J/ψ → π+π−π0?

— ρ(2150)?
— Coupled-channels?
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J/ψ → 3π: future analyses
• Until 2022, BESIII collected 10 billion J/ψ events

— Expect to see roughly 200 million J/ψ → 3π events (vs ∼1.9 million in 2012)
— High-precision ρ-ω mixing extraction (JPAC, ongoing)
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J/ψ → π0γ∗ transition form factor
• Dispersive representation (once-subtracted)

fωπ0(s) = |fJ/ψπ0(0)| eiϕJ/ψπ0 (0) + s

12π2

∫ ∞

4m2
π

ds′

(s′)3/2
p3(s′) FVπ ∗(s′) fJ/ψ→3π

1 (s′)
(s′ − s) ,

JPAC Coll, Phys.Rev. D108, 014035 (2023)

• |fJ/ψπ0 (0)| from data:

Γ(J/ψ → π0γ) =
e2(m2

J/ψ
−m2

π0 )3

96πm3
J/ψ

|fJ/ψπ0 (0)|2 ,

• ϕωπ0 (0) only free parameter

• No data, ϕωπ0 (0) = 0

FV
π

f1
J/ψ π0

π+ π−

γ∗

——
----
- -- -··
⋯⋯
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J/ψ → π0γ∗ transition form factor

• Recent measurement by BESIII [Phys.Rev.D 112 (2025) 1, L011101]

To study the observed ρ − ω interference, the TFF is
fitted with the following combined function:

FJ=ψπ0ðq2Þ ¼ FGS
J=ψπ0ðq

2Þ þ AΛ
1:

1 − q2=Λ2
; ð2Þ

where AΛ ¼ jAΛjeiϕΛ is an amplitude with phase angle ϕΛ,
and FGS

J=ψπ0ðq
2Þ includes the contributions of both ρ reso-

nances, which as described by a Gounaris-Sakurai function
[55], andω resonance, described by a Breit-Wigner function.
The FGS

J=ψπ0ðq
2Þ is given by the formula in Eq. (26) of

Ref. [35] and has previously used by both the BESIII [34]
and BABAR [35] experiments in the measurement of the
eþe− → πþπ− cross section in the ρ=ω mass region. The
contributions of the ρ0, ρ00, and ρ000 resonances are excluded
in the fit.
Due to limited statistics, the mass and width of the ω

meson are fixed to their world-average values [21], while
the other parameters are left free during the fit. The
obtained fit reveals that the observed ρ − ω interference
pattern in the J=ψ → eþe−π0 TFF closely resembles the
pattern seen in the eþe− → πþπ− cross-section measure-
ments in the ρ=ω mass region [33–35], offering an
alternative approach to extract the HVP contribution to
aμ. The observed relatively narrow ρ resonance in data
arises due to the electron mass, which accounts for the
threshold effect in the low-mass region, as well as the
interference between resonant and nonresonant processes

in J=ψ → eþe−π0, as described in Ref. [50]. The fit yields
the Λ value of 3.3% 0.7 GeV=c2, which appears to be
consistent with being above the combined mass threshold
of mJ=ψπ0 . However, the uncertainty on this fitted value is
quite large, limited by statistics in the high meþe− region.
Therefore, the fitted TFF function of Eq. (2) with Λ ¼
3.686 GeV=c2 is used to generate the signal MC events
for efficiency determination, as mentioned above. To
properly account for the HVP contribution to aμ, we
perform an additional fit including higher order ρ reso-
nances in the mass range ½2me; 1.28' GeV=c2. Details are
provided in Ref. [50].
According to Eq. (1), the systematic uncertainty asso-

ciated with the branching fraction and TFF measurements
include those from Nsig, the number of J=ψ events,
reconstruction efficiencies, and secondary branching frac-
tions, details of which are described in Ref. [50]. The
systematic uncertainty is dominated by the signal model
(0.6%), nonpeaking background PDF (2.2%), tracking
efficiency (2.4%), PID (1.2%), photon reconstruction
efficiency (0.4%), and E=pe% (2.4%). Total systematic
uncertainties for the branching fraction and TFF measure-
ments are determined to be 4.7% and 6.6%, respectively, by
adding the individual ones in quadrature.
In summary, using a data sample of ð10 087% 44Þ ×

106 J=ψ events collected by the BESIII detector, we
measure the TFF of J=ψ → eþe−π0 as a function of
meþe− for the first time. A clear ρ − ω interference pattern
is observed, which closely matches that of the pionic form
factor [33–35]. This result demonstrates the feasibility of
probing isospin-violating effects and provides essential
input for improving the VMD model [17] and the HLBL
contribution to aμ [7–9]. Furthermore, the observed ρ − ω
interference offers a new way to extract the HVP contri-
bution to aμ [33–35]. After taking into account the con-
tribution of this resonant structure, the branching fraction of
J=ψ → eþe−π0 ismeasured for the first time in the fullmeþe−

spectrum, to be ð8.06%0.31ðstatÞ%0.38ðsystÞÞ×10−7,
approximately double the nonresonant VMD prediction
[17]. These results can be measured with significantly
improved precision at future facilities, such as the Super
Tau-Charm Factory experiment [56].
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FIG. 4. Top: fit to the TFF versus meþe− in data and (bottom)
their fit residual values in each bin. The p value of the fit is 0.82.
The black dots with error bars are data, which include both
statistical and systematic uncertainties as described in the text and
Ref. [50], the blue dotted curve comes from the effective
Lagrangian theory [18], the brown and green bands come from
the KT analysis [19], and dispersion theory [20], respectively,
blue band is the pion form factor taken from the BABAR
measurement [35] and the solid red curve is the fit result, which
excludes the higher-order ρ resonances.

STUDY OF THE ELECTROMAGNETIC DALITZ DECAY … PHYS. REV. D 112, L011101 (2025)

L011101-5

by using solution 2 shown in Fig. 2; varying the modulus of
two coupling magnitudes within the ranges of Eq. (48);
varying the coupling constants corresponding to ρ0ð1450Þ
within the ranges of Eq. (65); and changing the energy-
dependent width of ρ0ð1450Þ as discussed in Sec. III C. All
uncertainties from the above variations are added in
quadrature to the final TFF results.
From Table II, as for J=ψ → ϕπ0, our fitting result

slightly favors the solution with the larger branching ratio,
although the solution with the smaller one cannot be ruled
out. Unless otherwise specified, all the following calcu-
lations are based on the results from Theory-I.
In Fig. 7, we show the squared absolute value of the

normalized TFF from our fits. As can be seen, our result

shows excellent agreement with the experimental data from
BESIII [15] across the full energy range from the ππ
threshold to about 2.8 GeV, which extends far beyond the ρ
pole regime. Remarkably, our analysis uses only two
parameters, which is a significant improvement compared
to the seven-parameter fit adopted in the BESIII analysis
[15]. An important observation is the presence of a
significant structure, with an abrupt drop at the ω pole
for the J=ψ → π0γ# TFF. To isolate the ω contribution, we
perform a simplified fit with wψωπ fixed to zero. The
resulting χ2=d:o:f. ¼ 77.40=ð30 − 1Þ ¼ 2.67 is far worse,
and the corresponding curve is the green dot-dashed line in
Fig. 8 (see also the result in Ref. [16]). The result clearly
indicates that neglecting the isospin-violating ω pole term

FIG. 7. Normalized J=ψ → π0γ# TFF as a function of energy
!!!
s

p
(in logarithmic scale). Left: fit Theory-I; right: fit Theory-II.

The black points represent the experimental data from BESIII [15], while the red solid line represents the result of our fit averaged in
each bin, with the parameters given in Table II. The blue dashed line represents the same TFF but computed directly as a continuous
function of

!!!
s

p
.

FIG. 8. Same as Fig. 7, except that the red dashed (green dot-dashed) curves correspond to the one-parameter fit with δψωπ ¼ 0
(wψωπ ¼ 0).

CAO, GUO, HANHART, and KUBIS PHYS. REV. D 113, 074030 (2026)

074030-14

X-H Cao et al., Phys.Rev. D113, 074030 (2026)
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Exotic π1(1600) → 3π KT analysis (preliminary)
• Exotic with JPC = 1−+

COMPASS, 2108.01744
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FIG. 3. COMPASS data set corresponding to central bin values of t→ = 0.66 GeV2 and m3ω = 1.4 GeV.

TABLE I. Fits to a few of the data set with t→ = 0.66 GeV2 using three di!erent parameterizations.

|ω| |ε/ω| ϑε → ϑϑ ϖ2/dof N

Bin 15 [m3ω = 1.1 GeV]

Omnès 46.65 - - 6.59

309Once-subtracted 43.43 - - 6.56

Twice-subtracted 13017.94 1.75 →3.09 1.92

Bin 22 [m3ω = 1.4 GeV]

Omnès 157.58 - - 3.56

709Once-subtracted 140.80 - - 3.49

Twice-subtracted 2802.94 1.70 →3.13 2.92

Bin 29 [m3ω = 1.7 GeV]

Omnès 292.92 - - 3.29

1079Once-subtracted 263.84 - - 3.50

Twice-subtracted 2266.97 1.89 →3.01 2.89

Bin 36 [m3ω = 2.0 GeV]

Omnès 185.42 - - 5.17

1507Once-subtracted 171.37 - - 5.06

Twice-subtracted 5826.53 1.76 →3.11 2.86

masses of the ω+ω→ channels and contribute the ε0 lineshapes in eq. (17). We have data in the full decay regions for
38 bins in m3ω → [0.5, 2.5] GeV and each in 4 bins of t↑ = |t| ↑ |t|min → [0.1, 1.0] GeV2, which means we have a total
of 152 data sets we can fit. One such data set is plotted in fig. 3.

Since the formalism in section I has no dependence on the production s or t and only depends on m3ω through
phasespace, analyses using “vanilla” KT to each of these data sets are completely independent. We fit to the the
absolute value of the data (not real and imaginary parts individually) because correlations would make handling the
systematic errors much more di!cult. A consequence of this is that we are insensitive to the overall phase of the
amplitude and we remove this degree of freedom by fixing the overall normalization ϑ to be purely real. Then, fitting
the solutions to the KT equations to this data set produces the best-fit parameters tabulated in table II and resulting
isobars in fig. 4.

We immediately see a few things from these comparisons. First, the once-subtracted KT solution only deviates
slightly from the Omnès function. This is in line with the findings of Ref. [3] which found a very high statistics data
set is required to see rescattering e”ects in the JPC = 1→+ decay. Adding an additional subtraction, we see a slight
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FIG. 6. Scan of fit results for once-subtracted KT at each bin of the COMPASS data with t→ = 0.66 GeV2. The normalization
(left) and ω2 (right) are shown as a function of the central m3ω of the bin.
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FIG. 7. Diagrammatic of the resonant (left) and non-resonant (right) production mechanisms which contribute to the COMPASS
data. We omit the “bottom” vertex involving the target nucleon which is not relevant here.

II. INCLUDING THE DECK PROCESS

The above formalism incorporates the production of the 3ω system through the subtraction coe!cients and thus
can only parameterize polynomials in the two-body subsystem. This is typically fine in the decay of a reasonably
narrow meson where non-resonant backgrounds can be neglected. As noted in [1], this is not the case for the ω1

where Deck production can also occur, shown diagrammatically in fig. 7. In order to adequately incorporate this
mechanism into our KT framework, we need to look at the ε (di-pion invariant mass) dependence when projected
onto the 1→+[ωω]1ωP wave at fixed s, t, and m3ω as in fig. 8.

s
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sωpt

ϖ

ϱ

FIG. 8. Labeling of all relevant invariant variables for the Deck process.

0 0.5 1 1.5

]2  [GeVbσ

0

0.5

1

1.5

]2
  [

G
eV

cσ

0

50

100

150

200

250

300

350

400

450

0 0.5 1 1.5

]2  [GeVbσ

0

0.5

1

1.5

]2
  [

G
eV

cσ

6−

4−

2−

0

2

4

6

6−

4−

2−

0

2

4

6

JPAC, in progress
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Outlook

• Khuri-Treiman equations:
— Dispersive representation for 3-particle Final-State Interactions
— Based on fundamental principles: analyticity, unitarity and crossing

symmetry
— Input: ππ scattering phase shifts
— Resonance shape affected by left-hand cuts / 3-body effects
— Predictive power (subtraction constants)
— Experimental data well described

27 / 27



QCD: open questions
• Asymptotic freedom at

high energies (“weak QCD”)
• Confinement at low energies (“strong QCD”),

no quarks+gluons, only hadrons

• Hadron spectrum and interactions:
why these states? scattering, decays of hadrons?

−→ (perturbative) QCD does
not answer any of these questions!

41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2
Z) for each sub-

field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰2 averaging method.
The same ‰2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q2 0.1173± 0.0017 0.1174± 0.0009 0.1177± 0.0013
QQ̄ bound states 0.1181± 0.0037 0.1177± 0.0011 0.1175± 0.0011
PDF fits 0.1161± 0.0022 0.1168± 0.0014 0.1179± 0.0011
e+e≠ jets & shapes 0.1189± 0.0037 0.1187± 0.0017 0.1174± 0.0011
hadron colliders 0.1168± 0.0027 0.1169± 0.0014 0.1177± 0.0011
electroweak 0.1203± 0.0028 0.1203± 0.0016 0.1171± 0.0011
PDG 2023 (without lattice) 0.1175± 0.0010 0.1178± 0.0005 n/a

s(mZ
2) = 0.1180 ± 0.0009

August 2023
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

weighted fits with our standard procedure in columns two and three of Table 9.1. We observe
that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value

1st December, 2023

QCD: open questions
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• particle spectrum:
why these states?

• interactions: scattering,
decays of hadrons?

• nuclear physics ↔ QCD?

−→ (perturbative) QCD does
not answer any of these
questions!

Remedies:

• lattice QCD: numerical simulations of discretised path integral

• quark models (systematic model uncertainties??)

• effective field theory

From QCD to Hadron Physics I – p. 8

Remedies:
• Effective Field Theories: symmetries, separation of scales
• Dispersion Theory: unitarity, analyticity, crossing symmetry
• Lattice QCD: approach to solving a discretized version of QCD on a computer
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Warm-up: the pion vector form factor
• Unitarity:

disc[ ] =

π(q − l)

π(l)

π(p)

π(p′)

π(p)

π(p′)

discFπ(s) = 2iImFπ(s) = 2iσπ(s)Fπ(s)t1∗
1 (s) = 2iFπ(s) sin δ1

1(s)e−iδ1
1(s) ,

• Analytic solution, Omnès equation [Omnès, Nuovo Cimento 8, 316 (1958)]

Fπ(s) = 1
2πi

∫ ∞

4m2
π

discFπ(s′)
s′ − s

ds′ ,

Fπ(s) = P (s)Ω1
1(s) , Ω1

1(s) = f(s)
f(0) = exp

{
s

π

∫ ∞

4m2
π

ds′ δ1
1(s′)

s′(s′ − s)

}
,

• Polynomial P (s), not fixed by unitarity: matched to EFT or by data
2 / 7



Omnès equation
• Diagrammatic interpretation

π

π

= +

π

π

π

π

π

π

+

π

π

+ · · ·

π

π

π

π

• Solution: depends solely on the P -wave phase shift of ππ

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
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Omnès equation
• Diagrammatic interpretation

π

π

= +

π

π

π

π

π

π

+

π

π

+ · · ·

π

π

π

π

• Solution: depends solely on the P -wave phase shift of ππ

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
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The pion vector form factor

• P (s) = 1 + αs, with α = 0.11 GeV−2 due to inelasticities

   
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KT equations: DR, solutions, subtractions
• Unsubtracted dispersion relation:

F1(s) = 1
2πi

∫ ∞

4m2
π

ds′ discF1(s′)
s′ − s

, F1(s) = Ω1(s)
(
a+ s

π

∫ ∞

4m2
π

ds′

s′
sin δ1(s′) F̂1(s′)
|Ω1(s′)| (s′ − s)

)
,

• δ1(s): ππ phase taken as input:
— Old solution [Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)]
— New solutions [Pelaez, Rodas, Ruiz De Elvira, Eur. Phys. J. C79, 1008 (2019)]
— Central analysis performed with solution I for δ1(s)
— The spread in the other solutions: theoretical uncertainty[JPAC Collab., 2304.09736]

(GeV)

Hyams(’73)

Hyams[- - -]

Hyams[- + -]

Estabrooks

Protopopescu

GeV

Ev
en

ts
BESIII
-sub
-sub

taken as input:
Old solution: [Garcia-Martin, Kaminski, Pelaez, Ruiz de Elvira, Yndurain, Phys. Rev. , 074004 (2011)]
New solutions: [Pelaez, Rodas, Ruiz De Elvira, Eur. Phys. J. , 1008 (2019)]

Take as central fit the one performed with solution I for
The spread in the other solutions: theoretical uncertainty

The decay seems to be dominated by , despite the larger phase space
(prediction) get the basic features

Kubis, Niecknig, Phys. Rev. ,036004 (2015)
(fit) improves the description

[ ] describes better the movements above GeV.
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On the ϕωπ0

• Two solution for ϕωπ0

JPAC Collaboration, Eur.Phys.J. C80 (2020) no.12, 1107

−π −π
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0 π
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χ2
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KT 1 sub vs Omnès
• Accidental cancellation of |F (s, t, u)|2

JPAC Collaboration, Eur.Phys.J. C80 (2020) no.12, 1107
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