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1. Introduction

++ Hadron-hadron interactions ++
B Understanding the hadron-hadron interactions has been an interesting topic

In hadron physics. Ishii et al., PhySa;oReV' Lett. 99 (2007) 022001.
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They provide important clues to the quark dynamics inside hadrons.

Bound states may exist as hadronic molecules.

— Originates from QCD (quantum chromodynamics). \hB Haldl'OrlliC
molecules
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1. Introduction

++ The KN interaction ++

B In this talk, we focus on the anti-kaon—nucleon (KN) interaction.
K (K-, K9) is light as a Nambu-Goldstone boson.

K contains a strange quark.

—> Heavier among the Nambu-Goldstone octets.
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1. Introduction

++ Chiral dynamics ++

B Today, the KN interaction is known to be strongly attractive, as supported by

chiral dynamics Kaiser, Siegel and Weise, Nucl. Phys. A594 (1995) 325;
' Oset and Ramos, Nucl. Phys. A635 (1998) 99; ---.

NUCLEAR Chiral perturbation theory:
PHYSICS A .
Nockear Physics A 594 (1995) 325-345 _— An effective theory of low-energy QCD

based on spontaneous / explicit
breaking of chiral symmetry.
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1. Introduction

++ HAL QCD potential ++

B Here, | would like to introduce another modern approach to hadron-hadron
interactions, the HAL QCD method, based on lattice QCD simulations.

Nuclear force and various hadron-hadron potentials.

Lyu et al., Phys. Lett. B860 (2025) 139178.
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Aoki, Hatsuda, and Ishii,
Prog. Theor. Phys. 123 (2010) 89.
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The HAL QCD method is reliable
by the consistency with the Exp. data.
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1. Introduction

++ HAL QCD KN potential ++

B We want to calculate the KN potential directly from QCD !
However, the HAL QCD method brings singular potentials ---

300001 + | | f 1(t=7) 20000/ | T 8 (t=7) . .
20000L | | | | % Murakami and Aoki, PoS LATTICE2023, 063.
—_ il __ 10000
I g mm mg p mg B m B
s & s 671.2(1.5) | 1488.8(3.9) | 2013.2(11.2) | 1923.4(9.1)
S -10000r7 2 <
20000} | Il [8,15] [8,13] [6,11] [5,11]
~30000} | | | ~20000+ | | 4 5
0.0 05 1.0 1.5[f ]2ﬁo 25 3.0 3.5 0.0 05 1.0 1.5[f ]2ﬁo 25 3.0 3.5 32 lattlce
IR ’ P8 (t=7) lattice spacing a = 0.121(2) fm
0 ”*N
< 2500 ; 5 |
S —5000 ; |
S 7500 What is the origin of
o | ‘ such a singular behavior ?
-1500065— 65 10 L5 3.0 35 30 35
r[fm]
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1. Introduction

++ Our motivation ++

B Extract the physics from the HAL QCD potential, especially from the KN potential.
What is the origin of the singular behavior ?

What physical quantities/states/situations does the HAL QCD method prove ?

Keywords:
 R-correlator.

- HAL QCD local potential.

| Singular or not ? |}

y ?
y J ,/
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 Scattering amplitude _ |
local potentail}

. What interaction |
brings singularity ? |
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2. Formulation:
R-correlator and HAL QCD potential
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2. Formulation

++ R-correlator and potential ++

B In the HAL QCD method, the key quantity is the R-correlator.

Murakami and Aoki, PoS LATTICE2023, 063;
Talk at J-PARC hadron physics 2024.

(M(r+X,t+1t9)Bo(X,t+19)J(ty))
Cm (1)Cp(2) ’

R,(r,t) =

— A linear combination of Nambu—-Bethe-Salpeter (NBS) wave functions.

B The R-correlator satisfies a Schrodinger-like Eq. with nhon-local potential U, r).

: reduced mass
VZ 9 1+36% 62 p.Te
3.7 / / ~ | _ 3 Mar — M
/d r' Ugg(r,r')Rp(r',t) o o + S 61‘2) R, (r, 1) +0(AW ), s = "~ "p
mM+mB
U(r,r’) ~ VEO ()63 (r-r 1 VZ 0 1+36% 6%
( ) (r) ( ) VLO(,,) ~ (_ 4 2) Ra(l', Z).
Local potential at LO. Ro(r,t) \2u 0t 8u Ot
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2. Formulation
++ Effective model for the R-correlator ++

B We can calculate the R-correlator by using an effective model T.S. and K. Fujiwara.
of hadron-hadron scattering. M(z',,)
— With the standard QFT technique. S
Ao(xo)
Bare Ao, meson M, and baryon B states. B(x'g)
We introduce two types of the interaction:
M M M
/4, \\*\ /4/
Ao ====—">—25 A A (Local Gaussian potential)
2b2 L 2b2
Viy(p) = foexp ( £ 4(’) VaiB(p)»MB(p) = (7b7)% 2 VA, exp ( P Z ‘ L)

— Parameters: Bare mass Mo, Coupling const. fo, Vi, and interaction ranges bo, bi.
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2. Formulation

++ Effective model for the R-correlator ++

B We can calculate the R-correlator by using an effective model T. S. and K. Fujiwara.
of hadron-hadron interactions.

Scattering amplitude (s-wave):

/ ‘\\ /’4 R /4 \\\ ”).\‘ 2 *\ /4

T(W,p,p) > @ > & Al B sy @ > i > = s

,4/ 4/ ,’>-\\ /4/

// e /// + ’/ N\ ,’
PW.p) | | —— SN — > O
N 3\ ISNPE S 3\
) — A + AN )’ ) + N
W:CM energy > —>= >———= >———> o > = o
p : momentum
>
> == B - > =
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2. Formulation

++ Effective model for the R-correlator ++

B We can calculate the R-correlator by using an effective model T. S. and K. Fujiwara.

of hadron-hadron interactions.
Scattering amplitude (s-wave):

k*  mymp  Vioy(p,k)T(W,k,p")  V)(p)T'(W,p')
om2 Enr(k)Ep(K) W — Warg(k) +i0 W — M,

T(W,p,p") = Vigy(p,p’) + / dk
0

/oo I k2 mymp  Vay(k)T(W,k,p)
0

F(Wap) :Vv(l)(p) D2 EM(k)SB(k) W — WMB(k) + 20

* kK mymp  Vigp,K)L(W,k)  Vi5)(p)A(W)
:WI)(p) T dk 2 N |
0 27 5M(k)53(k‘) W — WMB(]C) 10 W — Mo

C 2 Vi (k)T'(W, k
0 272 5M(k)53(k) W—WMB(k) ~+ 20
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2. Formulation

++ Effective model for the R-correlator ++

B We can calculate the R-correlator by using an effective model

of hadron-hadron interactions.

Correlation function (s-wave): \_Scattering amplitude

o= [ ok

Em(p)EB(p) [P° — Em(p) +i0][W —p° — Ep(p) + i0] el
mymp___ePTI(W,p) ooy

B / (;i?g

Em(p)és(p) W — Wrns(p) + 10 B(:L’jg)

MAIMB ePTT(W,p) ~ M ()

R-correlator: { Bound-state contribution } Scatterlng state contrlbutlon )

R(t,r) =e~(Ma—mu—maltyy () _ ~

= e Wnmma (M B(r)| Wi (W4 | Ao)

~ /°° €T )t T (17, )
W — M,

n mar+mp

{ P055|ble physmal states )
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T. S. and K. Fujiwara.
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2. Formulation

++ Lattice time-space ++

B We can easily turn to the case of the lattice time-space.

Lattice spacing a = 0.121 fm and size N = 32 according to the lattice simulation.
Murakami and Aoki, PoS LATTICEZ2023, 063.

Relative coordinate and momentum 9
of two-particle system: |" = "~ P= "

L

Derivatives —> differences / d>p 1
and integrals — summations: |/ (27)®  L?

s-wave projection becomes A" projection:

[G2I@) > 32 fimys Fn, = F(2A, /D)

gel

——> Then, we can calculate all the quantities in the same manner.
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2. Formulation

++ Our strategy ++

B We calculate the R-correlator and local potential within an effective model.
1. Fix the parameters. M (ay)

(MO7 f07 b07 VL) bL)

(W, p)
2. Calculate the s-wave scattering amplitude

and the R-correlator.

1 o0 —(W—mM—mB)tI O(W
R(t, ,r,) - 6_(MB_mM_mB)t¢B(T) = _/ dWe W — Mom ( 77')

T

Jf | | o 1(t=7)
i
=

my +mp

3. Calculate the local potential and compare it

with the HAL QCD simulation result. 00 05 1.0 Lf{fm]zio 25 3.0 35
1 i %, 1 4+ 382 H? Murakami and Aoki,
e = Rt (ﬂv vl s ) 8t2) R(t,T) PoS LATTICE2023, 063.
A mm Mg p mg g m g
— Hadron masses and binding energy are taken | 671.2(1.5) | 1488.8(3.9) | 2013.2(11.2) | 1923.4(9.1)
from the HAL QCD simulation. 8,15] 8,13] [6,11] 15,11]
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3. Numerical Results:
Continuum / Lattice time-space

18th International Workshop on Meson Physics @ Krakow, Poland (Jun. 25 - 30, 2026)

17



3. Numerical Results

++ General properties ++ & Scatt. state
B We firstly fix the model parameters = S o0 Moy KN
to generate a bound state of same mass Ms.
constraint | —> e Bound state
Set A Set B 1923 MeV
My [MeV] 3000.0 19334 1000 - | | | | | _
fo [GeV~1/2] LT R Set A ——
bo [fm] 0.50  0.50 | YtB —-—-
V1, [MeV] =S —0.0 87100 |
br, [fm] 0.50 0.50 L :
O _
Mg [MeV] 1923.4 1923.4 = 10 |
N 0.996  0.023 I ;
M M-, M = 1
4 N
Ao > B B > e > B
0.1

— Set A generates hadronic molecule-like,
Set B generates elementary-like.
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3. Numerical Results

++ General properties ++
B The R-correlators in the continuum / lattice time-space.

1000 .

Set A —
_ Set B = ==.
5100 | ]
= 5
©] - )
= 10 } . = 2 &
§ R R i hhe bt Sttt _ N -
= S
0.1 . | /
23 24 = 0.025 | Set, A -
= @@a"@ Set B ———.
Parameter Sets A and B provide —0.03 g0 Set A (lattice) o -
R-correlators in similar form. 0035 . .  Set B (lattice) o
— Dominant bound-state contribution. U 0.2 04 06 08 . L2
r |[fm)]
Discretization effect is negligible. Rt ) — o mai 1y _ | /oo dW&-(W—mMV;mBX;m(m r)
my+mp . iy
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3. Numerical Results
++ General properties ++

ViaL(r)

B Thoe local potential as in the HAL QCD method. a0 ( l gz 0 1+36° 6 ) R(t.r)|

0 ~ R(t,r) \ 2u 0 a0
- —0.005 _:;;,55;'5;!:::1--~ ":}\f:‘i::ﬁ;;:q_; """""" _100 i
§> —0.01 o B ’?ﬁp\.‘.ﬁ
§—0.015 L = "" ] —200 |
S LomtT f _ —300 |
1l
S B o F S z 400 ¢
Nl Sl = 500 |
0 02 04 06 08 1 1.9 =
704 oo | E
Similar local potentials. — 700 - " Set A
' ] . L —&00 (;5._.-0 Set B -
Discretization effect is o L o Set A (lattice) )
negligible. Set B (lattice) O
— 1000 | | | | |
The potential range slightly 0 0.2 04 0%6 0.8 : 1.2
. T 1111
iIncreases from br = 0.50 fm. fm

18th International Workshop on Meson Physics @ Krakow, Poland (Jun. 25 - 30, 2026) 20



3. Numerical Results
++ Parameter search ++ PeSILRTTiCEAT o

1(t=7)

B We tried to find parameter set which reproduce + ‘ ‘ .

30000

the HAL QCD resuilt. 700001

—> Failed ! We cannot find such a parameter set !
The singular potential is caused by the node
of the R-correlator — division by zero.

— 1 1 2 8 1 ‘|‘ 352 82 —30000+ % | | |
VHAL(T)— R(tv T) <ZV ot I 8,u 8t2>R(t’ T) 0.0 05 1.0 15 2.0 25 3.0 35

r[fm]

10000

VEO(r) [MeV]

—~10000+—— -

—20000

The bound state (Mz = 1923.4 MeV) contribution

In the R-correlator is so strong

that node from the scattering state (orthogonal to
the bound state) iIs completely removed.

Scatt. state

KN

Energy

160 MeV

Bound state
1923 MeV

Something is missing - .
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3. Numerical Results
++ Singular HAL QCD potentlal ? ++

4000 |

B We allow energy W dependent interaction. ooy | SO .
213/2 p—p'|°bf ian - ——.
Vi B(p)»MB(p) = (107)*° WA, exp( y ) 2000 - GaUsSian .
1000
S
M -, oM s 0
L Pl a = —1000
B * B W I
g ” = —2000
2\3/2 , p — p'|’b¢ —3000
VMB(p)—)MB(p’) — (7TbL) [VL —|— VL(W i MB)] exp 4
—4000

— Indicates states neglected in our model. 5000
With certain parameters (Set C), | - [l

the R-correlator has a node and the HAL QCD local potential becomes singular.
— Non-locality from bare Ao & lattice discretization.

However, the potential form itself is not consistent with the HAL QCD result ---
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4. Summary and Outlook
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4. Summary and Outlook

B We want to calculate the KN potential directly from (lattice) QCD.
However, the HAL QCD collaborations observed a singular KN potential.

To understand the origin of the singularity, we constructed a formula
to calculate the HAL QCD quantities in a model of hadron-hadron scattering.

B We used the formula to investigate the origin of the singular KN potential.
We cannot find model parameters which reproduce the HAL QCD KN potential.

Once the R-correlator has a node, the non-locality and lattice discretization of
the time-space generates singular behavior in the local potential.

* * *

B You can use the formula to examine how your amplitude looks like
in the HAL QCD results of lattice QCD simulations.
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Thank you very much
for your kind attention !
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Appendix
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Appendix

++ Parameter Set C ++
B The energy W dependent interaction.

- 2 a0 / . ‘P—P/|zbi
VMB(p)—)MB(p’) — (7TbL) [VL —+ VL(W MB)] EXP

4
4000 , ,
Set C O
Set C 3000 F it
My [MeV] 2500.0 2000 | Gaussian = = —. 0
fo [GGV_1/2] 0.100 1000
bo [fm] 0.10 %'
V1, [MeV] —3894.1 = U
T —50.0 2 —1000
br, [fm] 0.30 = 9000
—3000
Mg [MeV] 1923.4
X 0.115 —A00
—o000
_..— Brings a singular HAL QCD potential. | - [fm
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