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1.  Introduction



++ Hadron-hadron interactions ++ 
     ■ Understanding the hadron-hadron interactions has been an interesting topic  
         in hadron physics. 

       □ They provide important clues to the quark dynamics inside hadrons. 

       □ Bound states may exist as hadronic molecules. 

     ̶ Originates from QCD (quantum chromodynamics). 
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1.  Introduction
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++ The K̅N interaction ++ 
     ■ In this talk, we focus on the anti-kaon-nucleon (K̅N) interaction. 
       □ K̅ (K-, K̅0) is light as a Nambu-Goldstone boson. 

       □ K̅ contains a strange quark. 

     ̶> Heavier among the Nambu-Goldstone octets.
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++ Chiral dynamics ++ 
     ■ Today, the K̅N interaction is known to be strongly attractive, as supported by  
         chiral dynamics. 

                                                                           □ Chiral perturbation theory:  
                                                                               An effective theory of low-energy QCD 
                                                                               based on spontaneous / explicit  
                                                                               breaking of chiral symmetry. 

       □ Construct a K̅N local potential  
           within chiral dynamics. 
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++ HAL QCD potential ++ 
     ■ Here, I would like to introduce another modern approach to hadron-hadron 
         interactions, the HAL QCD method, based on lattice QCD simulations. 
       □ Nuclear force and various hadron-hadron potentials. 

       □ The HAL QCD method is reliable 
           by the consistency with the Exp. data.
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++ HAL QCD K̅N potential ++ 
     ■ We want to calculate the K̅N potential directly from QCD ! 
       □ However, the HAL QCD method brings singular potentials …. 

                                                                                       □ What is the origin of 
                                                                                           such a singular behavior ? 
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1.  Introduction

Murakami and Aoki, PoS LATTICE2023, 063.



++ Our motivation ++ 
     ■ Extract the physics from the HAL QCD potential, especially from the K̅N potential. 
       □ What is the origin of the singular behavior ? 

       □ What physical quantities/states/situations does the HAL QCD method prove ? 

       □ Keywords: 
         ・ R-correlator. 

         ・ HAL QCD local potential.
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2.  Formulation:  
R-correlator and HAL QCD potential



++ R-correlator and potential ++ 
     ■ In the HAL QCD method, the key quantity is the R-correlator. 

     ̶ A linear combination of Nambu-Bethe-Salpeter (NBS) wave functions.  

     ■ The R-correlator satisfies a Schrödinger-like Eq. with non-local potential . U(r, r′￼)
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2.  Formulation

Murakami and Aoki, PoS LATTICE2023, 063; 
Talk at J-PARC hadron physics 2024.

 : reduced massμ
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Local potential at LO.



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model 
         of hadron-hadron scattering. 
     ̶ With the standard QFT technique. 

       □ Bare Λ0, meson M, and baryon B states. 

       □ We introduce two types of the interaction: 

       ̶ Parameters: Bare mass M0, Coupling const. f0, VL, and interaction ranges b0, bL.
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2.  Formulation

T. S. and K. Fujiwara.
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++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model 
         of hadron-hadron interactions. 
       □ Scattering amplitude (s-wave):
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2.  Formulation

W : CM energy 
p : momentum

T. S. and K. Fujiwara.



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model 
         of hadron-hadron interactions. 
       □ Scattering amplitude (s-wave):
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2.  Formulation

T. S. and K. Fujiwara.



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model 
         of hadron-hadron interactions. 
       □ Correlation function (s-wave): 

       □ R-correlator:
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2.  Formulation
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++ Lattice time-space ++ 
     ■ We can easily turn to the case of the lattice time-space. 
       □ Lattice spacing a = 0.121 fm and size N = 32 according to the lattice simulation. 

       □ Relative coordinate and momentum 
                                of two-particle system: 

       □ Derivatives ̶> differences 
           and integrals ̶> summations: 

       □ s-wave projection becomes  projection: 

     ̶> Then, we can calculate all the quantities in the same manner.

A+
1
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2.  Formulation

Murakami and Aoki, PoS LATTICE2023, 063.



++ Our strategy ++ 
     ■ We calculate the R-correlator and local potential within an effective model. 
       1. Fix the parameters. 

       2. Calculate the s-wave scattering amplitude  
           and the R-correlator. 

       3. Calculate the local potential and compare it 
           with the HAL QCD simulation result. 

     ̶ Hadron masses and binding energy are taken  
         from the HAL QCD simulation. 
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2.  Formulation
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3.  Numerical Results: 
Continuum / Lattice time-space



++ General properties ++ 
     ■ We firstly fix the model parameters  
         to generate a bound state of same mass MB. 

     ̶ Set A generates hadronic molecule-like, 
         Set B generates elementary-like.
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++ General properties ++ 
     ■ The R-correlators in the continuum / lattice time-space. 

       □ Parameter Sets A and B provide 
           R-correlators in similar form. 
       ̶ Dominant bound-state contribution. 

       □ Discretization effect is negligible. 
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3.  Numerical Results

−0.035

−0.03

−0.025

−0.02

−0.015

−0.01

−0.005

0

0 0.2 0.4 0.6 0.8 1 1.2

Set A
Set B
Set A (lattice)
Set B (lattice)

R
(t

=
7a

,r
)[

Ge
V3/

2 ]
r [fm]



++ General properties ++ 
     ■ The local potential as in the HAL QCD method. 

       □ Similar local potentials. 

       □ Discretization effect is 
           negligible. 

       □ The potential range slightly  
           increases from bL = 0.50 fm.
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++ Parameter search ++ 
     ■ We tried to find parameter set which reproduce  
         the HAL QCD result. 
     ̶> Failed !  We cannot find such a parameter set ! 
       □ The singular potential is caused by the node 
           of the R-correlator ̶ division by zero. 

       □ The bound state (MB = 1923.4 MeV) contribution 
           in the R-correlator is so strong  
           that node from the scattering state (orthogonal to 
           the bound state) is completely removed. 

       □ Something is missing ….
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3.  Numerical Results
Murakami and Aoki,  
PoS LATTICE2023, 063.
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++ Singular HAL QCD potential ? ++ 
     ■ We allow energy W dependent interaction. 

     ̶ Indicates states neglected in our model. 
       □ With certain parameters (Set C),  
           the R-correlator has a node and the HAL QCD local potential becomes singular. 
       ̶ Non-locality from bare Λ0 & lattice discretization.  

       □ However, the potential form itself is not consistent with the HAL QCD result ….
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3.  Numerical Results
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4.  Summary and Outlook



     ■ We want to calculate the K̅N potential directly from (lattice) QCD. 
       □ However, the HAL QCD collaborations observed a singular K̅N potential. 

       □ To understand the origin of the singularity, we constructed a formula 
           to calculate the HAL QCD quantities in a model of hadron-hadron scattering. 

     ■ We used the formula to investigate the origin of the singular K̅N potential.  
       □ We cannot find model parameters which reproduce the HAL QCD K̅N potential. 

       □ Once the R-correlator has a node, the non-locality and lattice discretization of 
           the time-space generates singular behavior in the local potential. 

*          *          *  
     ■ You can use the formula to examine how your amplitude looks like 
         in the HAL QCD results of lattice QCD simulations.
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4.  Summary and Outlook
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Thank you very much  
for your kind attention ! 
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Appendix



++ Parameter Set C ++ 
     ■ The energy W dependent interaction. 

     ̶ Brings a singular HAL QCD potential.
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Ṽ
H

A
L

[M
eV

]
r [fm]


