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“Tetraquarks” in quarkonium spectrum

 — Some are charged ⟹  manifestly exotic: 

●
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 — Abundance of Y-states (JPC=1-- ) near  DJ D(s)(*)  (J=1,2) thresholds

 — Many are sitting near some two meson thresholds

talks by Frank Nerling  and  Leon von Detten on Thursday

Discovery of the X(3872) by Belle in 2003:  New era in hadron spectroscopy  XYZ exotics

Zb(10610)/Zb(10650), Zc(3900)/Zc(4020),  Zcs(3982)/Zcs(4000) 



Evidence for Exotic States near thresholds

XYZ 

Pentaquarks

●

●

  X(6900)

X(3872), …
Zc(3900), Zc(4020),  Zcs(3982) …

Zb(10610), Zb(10650)

Y(4230), Y(4360), Y(4660), …

double c-quark       Tcc●

Heavy-light sector  Ds0(2317),  Ds1(2460), X0/1(2900),…

●
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Weinberg compositeness Weinberg 1963-65
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Physical coupling and ERE parameters via probability of a molecular component X

a < 0 — bound state

If ⟹
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●   Same information can be inferred from pole counting
— one near-thr. pole:  

— two near-thr. poles 

⟹ Molecule 
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● Recent generalisations to virtual states,  coupled-channels, …    

● Extensions mostly for resonances  by  Jido, Kamiya, Nieves, Oller, Oset, Sekihara,…
review 

Kamiya and Hyodo 2017

Matuschek et al. EPJA 57 (2021) 
VB et al., PLB 833 (2022)

● Insights on range effects Albaladejo, Nieves 2022, Li et al. 2022, Song et al 2022,  Kinugawa, Hyodo 2022

see also talk by Kinugawa on Thursday
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).

123

Matuschek, VB, Guo, Hanhart 
EPJA 2021
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Molecular bound st. 

Extensions beyond bound states

● Evolution of poles and analyticity → Extensions beyond bound states

Molecular pole: 
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cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
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=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.
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Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields
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1
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+O(1/β),
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1
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To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
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(

1 ±
√

1 + 2r
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.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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line for positive real valued k marks the physical momenta in the scat-
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wherea (r ) denotes the scattering length (the effective range).
This yields
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2 − Z

1
γ

+O(1/β),

r = − Z
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1
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+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
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(

1 ±
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.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z
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+O(1/β),

r = − Z
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1
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+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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line for positive real valued k marks the physical momenta in the scat-
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wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
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2 − Z

1
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+O(1/β),

r = − Z
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1
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+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Near thr. molecules

Near thr. compact states
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Identifying a molecule in observables
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Typical shape of the production rate in the inelastic channels:   Molecule vs  Compact
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Molecular line shapes are strongly affected by threshold effects enhanced by nearby poles 

bound state virtual state resonance
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Access to relevant info: poles and residues

Fits to Elastic channels only:    either bound or virtual states

⟹

9

Wang et al. PRD 98(2018)

●    If there are coupled-channels a molecular pole can be anything: quasi-bound state,  virtual states

the latter can be absorbed into a redefinition of the S-
wave short-range contact terms;

(ii) the inclusion of D waves affects the line shapes
noticeably which confirms the claims found in the
literature that D waves are important in the near-
threshold charmoniumlike and bottomoniumlike
systems [45,65]. However, the current data call
for the promotion of the Oðp2Þ S-wave-to-D-wave
counter term DSD to lower order and for tuning this
term to balance the S-D dynamics from the OPE.
The residual effect from the OPE on the line shapes
is, however, still sizeable:

(iii) the effect of the OEE interaction is negligibly small;
(iv) the data are essentially consistent with HQSS con-

straints imposed on the potential;
(v) no indication for the importance of Oðp2Þ contact

interactions in the inelastic channels is seen in
the data.

B. Dependence of the results on the regulator
In this chapter, we investigate if the promotion of the S-D

counter term is called for by the renormalization of the
leading order amplitudes. In Fig. 7 we show the regulator
dependence of the results corresponding to the fits G and C,
that is, those fits with and without the Oðp2Þ contact terms
and OEE interactions in addition to the OPE. The results for
fit C show a clearly visible cut-off dependence in the BB̄#

and hbð2PÞπ channels when the (sharp) cutoff in the LSEs,
treated as a hard scale, is varied in a reasonable range from
800 to 1200 MeV (cf. black long-dashed, blue dashed and
green dotted-dashed curves). Note that in an effective field
theorywhere a potential,which is then iterated in a scattering
equation, is expanded in terms of a given expansion
parameter one cannot expect a complete regulator inde-
pendence of observable quantities at a given order. This
implies that the regulator should not be chosen too large and
that regulator effects of subleading order are common. It is,

(a) (b)

(c) (d)

FIG. 6. The fitted line shapes for Scheme G with the uncertainties corresponding to a 1σ deviation in the parameters of the fits. The
experimental data are from Refs. [1,11].
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Fits to all data (no pions):        virtual states 

Fits to all data (with pions):     near-threshold resonances

Data in various channels are complementary and very important!

resonances

— Access to relevant info: poles and residues

● An appropriate framework to analyse data: unitarity (2 and 3-body)
analytic (cuts and poles)

model independent
⟹  EFT⟹

Zb(10610) Zb(10650)

VB et al. PRD 99(2019), 103(2021)



●   Elastic coupled-channel hadronic

☛ typical scales
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#EFT approach at low energies Weinberg (1992)
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Applying eq. (A.1):

= �
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m
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⇡ + i✏]

This integral vanishes due to symmetry as well (cf. eq. (5.6)).

V
e↵
tr (P⇤P̄! P

⇤
P̄
⇤) = 0 (5.8)

5.1.2 The football diagrams
The football diagrams consist solely out of 4-vertices. Since the Feynman rules in eq. (2.26)
and (2.27) only di↵er by their polarization vectors, we can write down the PP̄! PP̄ scattering
explicitly and adjust for the other two possibilities.

Fig. 5.6: Football-like diagrams
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where we put in a combinatoric factor of 1/2 due to the symmetry of the loop. Using q
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Again, we abbreviated the integral with Ifb. Its result is presented in sec. B.2. Therefore, the
calculation of the football diagram for PP̄! PP̄ scattering yields:

V
e↵
fb (PP̄) = i

m
2
B

4 f 4
⇡

⇣
~⌧1 · ~⌧2

⌘
Ifb (5.9)

Proceeding analogously for P
⇤
P̄! P

⇤
P̄ and P

⇤
P̄
⇤
! P

⇤
P̄
⇤ scattering reads:

V
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m
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4 f 4
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⌘
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m
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4 f 4
⇡

⇣
~⌧1 · ~⌧2

⌘
�ik�lnIfb (5.11)

5.1.3 The box diagrams
The box diagrams consist exclusively out of 3-vertices, which either form a planar or a crossed
box. In the planar box, only the irreducible part and not an iterated 1PE is part of the e↵ective
potential. When applying the residue theorem to the various integrals, we will see that the
planar box splits: the first part can be identified as the iterated 1PE, the second one matches
the crossed box integral (cf. sec. B.3). This is explicitly shown for PP̄ ! PP̄ scattering but
works identically for the other cases.

Fig. 5.7: Box-like diagrams for PP̄! PP̄

Fig. 5.8: Box-like diagrams for P
⇤
P̄! P

⇤
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Fig. 5.9: Box-like diagrams for P
⇤
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

G - Green functions
Unitarity and analyticity

Consistent with

our works 2010-till now
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Fig. 5.2: Triangle-like diagrams for P
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Applying eq. (A.1):

= �
g2

m
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Z
d

4
l

(2⇡)4
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"mns(l + q)mls
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⇡ + i✏][l2 � m2

⇡ + i✏]

This integral vanishes due to symmetry as well (cf. eq. (5.6)).

V
e↵
tr (P⇤P̄! P

⇤
P̄
⇤) = 0 (5.8)

5.1.2 The football diagrams
The football diagrams consist solely out of 4-vertices. Since the Feynman rules in eq. (2.26)
and (2.27) only di↵er by their polarization vectors, we can write down the PP̄! PP̄ scattering
explicitly and adjust for the other two possibilities.

Fig. 5.6: Football-like diagrams
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where we put in a combinatoric factor of 1/2 due to the symmetry of the loop. Using q
0 = 0

and "cde"cd f = 2�e f gives:
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Again, we abbreviated the integral with Ifb. Its result is presented in sec. B.2. Therefore, the
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5.1.3 The box diagrams
The box diagrams consist exclusively out of 3-vertices, which either form a planar or a crossed
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this scenario and in what follows focus on the results for solution B.

Since the focus of the discussion above in Sec. IVB was put on the renormalization of the OPE,

the results presented in Figs. 7 and 8 were obtained using some fixed background. It is also worth

mentioning that while the separation of scales calls for larger cuto↵s, the cuto↵ larger than the

c-quark mass, mc ' 1.5 GeV, may introduce additional HQSS breaking e↵ects.

2. Description of the data in ⇤0
b ! J/ pK�

Scheme II

LHCb: mKp>1.9 GeV

Solution B: χ2/dof = 0.87
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FIG. 9. The best fits to the di↵erent experimental data [17] for solution B (red solid curves) of scheme II.
The corresponding backgrounds are shown as red-dotted curves. The vertical dashed lines from left to right
are the ⌃cD̄, ⌃⇤

cD̄, ⌃cD̄⇤, and ⌃⇤
cD̄

⇤ thresholds, respectively.

In Ref. [40], it was found that the inclusion of the OPE singles out a unique solution (the

solution B) from the two almost equivalent ones present for the pure contact potentials. However,

no e↵ects from the S-D contact terms were taken into account which, as shown in the previous

Section, does not meet the criteria of renormalizability. Here we improve on this and discuss the

renormalized results as well as their implications for the predicted line shapes, as will be shown in

the next Section. In Fig. 9, we present the best fit results for solution B of Scheme II for various

Du et al. PRL (2020),  JHEP (2021) 



Various applications

Pc’s

29

this scenario and in what follows focus on the results for solution B.

Since the focus of the discussion above in Sec. IVB was put on the renormalization of the OPE,

the results presented in Figs. 7 and 8 were obtained using some fixed background. It is also worth

mentioning that while the separation of scales calls for larger cuto↵s, the cuto↵ larger than the

c-quark mass, mc ' 1.5 GeV, may introduce additional HQSS breaking e↵ects.

2. Description of the data in ⇤0
b ! J/ pK�

Scheme II

LHCb: mKp>1.9 GeV

Solution B: χ2/dof = 0.87

���� ���� ���� ���� ���� ����
��

���

���

���

���

���

��/ψ � [���]

�
��
��
��
�
��
��
��
��
��
/(
�
�
��

)

FIG. 9. The best fits to the di↵erent experimental data [17] for solution B (red solid curves) of scheme II.
The corresponding backgrounds are shown as red-dotted curves. The vertical dashed lines from left to right
are the ⌃cD̄, ⌃⇤

cD̄, ⌃cD̄⇤, and ⌃⇤
cD̄

⇤ thresholds, respectively.

In Ref. [40], it was found that the inclusion of the OPE singles out a unique solution (the

solution B) from the two almost equivalent ones present for the pure contact potentials. However,

no e↵ects from the S-D contact terms were taken into account which, as shown in the previous

Section, does not meet the criteria of renormalizability. Here we improve on this and discuss the

renormalized results as well as their implications for the predicted line shapes, as will be shown in

the next Section. In Fig. 9, we present the best fit results for solution B of Scheme II for various

Du et al. PRL (2020),  JHEP (2021) 

the latter can be absorbed into a redefinition of the S-
wave short-range contact terms;

(ii) the inclusion of D waves affects the line shapes
noticeably which confirms the claims found in the
literature that D waves are important in the near-
threshold charmoniumlike and bottomoniumlike
systems [45,65]. However, the current data call
for the promotion of the Oðp2Þ S-wave-to-D-wave
counter term DSD to lower order and for tuning this
term to balance the S-D dynamics from the OPE.
The residual effect from the OPE on the line shapes
is, however, still sizeable:

(iii) the effect of the OEE interaction is negligibly small;
(iv) the data are essentially consistent with HQSS con-

straints imposed on the potential;
(v) no indication for the importance of Oðp2Þ contact

interactions in the inelastic channels is seen in
the data.

B. Dependence of the results on the regulator
In this chapter, we investigate if the promotion of the S-D

counter term is called for by the renormalization of the
leading order amplitudes. In Fig. 7 we show the regulator
dependence of the results corresponding to the fits G and C,
that is, those fits with and without the Oðp2Þ contact terms
and OEE interactions in addition to the OPE. The results for
fit C show a clearly visible cut-off dependence in the BB̄#

and hbð2PÞπ channels when the (sharp) cutoff in the LSEs,
treated as a hard scale, is varied in a reasonable range from
800 to 1200 MeV (cf. black long-dashed, blue dashed and
green dotted-dashed curves). Note that in an effective field
theorywhere a potential,which is then iterated in a scattering
equation, is expanded in terms of a given expansion
parameter one cannot expect a complete regulator inde-
pendence of observable quantities at a given order. This
implies that the regulator should not be chosen too large and
that regulator effects of subleading order are common. It is,

(a) (b)

(c) (d)

FIG. 6. The fitted line shapes for Scheme G with the uncertainties corresponding to a 1σ deviation in the parameters of the fits. The
experimental data are from Refs. [1,11].
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Two models
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We calculate T (E) = V (E) · [1−G(E)V (E)]−1, with either

V2ch(E) =

(

a1+b1k21 c

c a2+b2k22

)

or V3ch(E) =







a11 a12 a13
a12 a22 a23
a13 a23 a33






,

where the J/ψJ/ψ, ψ(3686)J/ψ (and ψ(3770)J/ψ) were included

Both models provide excellent description of data
Unconventional meson states with two or more heavy quarks – p. 16/19

X(6900)
Dong et al.  PRL (2020), Sci.Bull. (2021)
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this scenario and in what follows focus on the results for solution B.

Since the focus of the discussion above in Sec. IVB was put on the renormalization of the OPE,

the results presented in Figs. 7 and 8 were obtained using some fixed background. It is also worth

mentioning that while the separation of scales calls for larger cuto↵s, the cuto↵ larger than the

c-quark mass, mc ' 1.5 GeV, may introduce additional HQSS breaking e↵ects.

2. Description of the data in ⇤0
b ! J/ pK�

Scheme II

LHCb: mKp>1.9 GeV

Solution B: χ2/dof = 0.87
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FIG. 9. The best fits to the di↵erent experimental data [17] for solution B (red solid curves) of scheme II.
The corresponding backgrounds are shown as red-dotted curves. The vertical dashed lines from left to right
are the ⌃cD̄, ⌃⇤

cD̄, ⌃cD̄⇤, and ⌃⇤
cD̄

⇤ thresholds, respectively.

In Ref. [40], it was found that the inclusion of the OPE singles out a unique solution (the

solution B) from the two almost equivalent ones present for the pure contact potentials. However,

no e↵ects from the S-D contact terms were taken into account which, as shown in the previous

Section, does not meet the criteria of renormalizability. Here we improve on this and discuss the

renormalized results as well as their implications for the predicted line shapes, as will be shown in

the next Section. In Fig. 9, we present the best fit results for solution B of Scheme II for various

Du et al. PRL (2020),  JHEP (2021) 
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green dotted-dashed curves). Note that in an effective field
theorywhere a potential,which is then iterated in a scattering
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parameter one cannot expect a complete regulator inde-
pendence of observable quantities at a given order. This
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experimental data are from Refs. [1,11].
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We calculate T (E) = V (E) · [1−G(E)V (E)]−1, with either

V2ch(E) =
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)
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where the J/ψJ/ψ, ψ(3686)J/ψ (and ψ(3770)J/ψ) were included

Both models provide excellent description of data
Unconventional meson states with two or more heavy quarks – p. 16/19
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— No admixture of inelastic channels

—Expansion in #EFT : 
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all

3
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— Width: almost entirely from the only strong decay
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⇒ Proper analytic structure of the scattering amplitude
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Tcc in #EFT  at leading order
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3-body cut stems from one-pion exchange (OPE) and self energies in the Green funct.
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

!DD are on shell 

Faddeev-type 3-body Eqs.
VB et al. PRD84 2011

Full analogy to the X(3872) from

●
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3-body cut stems from one-pion exchange (OPE) and self energies in the Green funct.
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.
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D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡

+
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>
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● ● Coupled-channel D0D*+/D+D*0 
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● ● Only 2 params to be fitted

● ● Point-like production source

  v0 and overall Norm

Du et al. PRD 105, 014024 (2022)
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TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE IV. E↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III

gD⇤+D0(S) 1.03± 0.03 (1.00± 0.03)� i(0.01± 0.00) (1.03± 0.02)� i(0.01± 0.01)

gD⇤0D+(S) �1.03± 0.03 (�1.00± 0.03) + i(0.01± 0.00) (�0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) �1.45± 0.04 (�1.42± 0.03) + i(0.01± 0.00) (�1.43± 0.03) + i(0.02± 0.00)

g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (�0.03± 0.00) + i(0.00± 0.00)

g(I=0)
D⇤D (D) — — (0.02± 0.00) + i(0.00± 0.00)

g(I=1)
D⇤D (D) — — (�0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) !

8
<

:
�⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M �mi �mj �mk �

p
2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M �mi �mj �mk �

p
2

2µ

⌘
< 0,

(32)

with ⌃ijk defined in Eq. (26). Then, in the energy range near the T+
cc pole, the D0D0⇡+ and

D+D0⇡0 channels are on their unphysical RSs while the D+D+⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in the T+
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of the T+
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the finite life time

of the D⇤ one overestimates the T+
cc width by up to a factor of 2 (compare the imaginary parts of

the pole positions for Schemes I and II quoted in Table III). This shift is partially overcome once

also the three-body cut is included in the scattering potential. If after neglecting the three-body

e↵ects, one employs the static approximation for the OPE, together with a constant width of the

D⇤, the half width of the T+
cc would turn out to be around 70 keV thus overestimating the full

#EFT fits to the D0D0!+  mass spectrum
with resolution

Im part of the Tcc
+ pole:   Controlled by  3-body effects

14

Re part of the Tcc
+  pole:   Inconclusive about the role of 3-body effects with current exp. precision

<latexit sha1_base64="exDc4jDtQAis/L3ZG1YDGRym9Sc=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHcWFIt6kYoutBlhb6giWEymbRDZ5IwMxFCyMqNv+LGhSJu/QZ3/o3Th1BfBy4czrmXe+/xYkalsqwPY2Z2bn5hsbBUXF5ZXVs3NzZbMkoEJk0csUh0PCQJoyFpKqoY6cSCIO4x0vYGF0O/fUuEpFHYUGlMHI56IQ0oRkpLrrljXyLOkZs13AzjPL/JbMHh0YEX+Wl+5pqlStkaAVq/yJdVAhPUXfPd9iOccBIqzJCU3YoVKydDQlHMSF60E0lihAeoR7qahogT6WSjN3K4pxUfBpHQFSo4UqcnMsSlTLmnOzlSffnTG4p/ed1EBadORsM4USTE40VBwqCK4DAT6FNBsGKpJggLqm+FuI8EwkonV5wO4X/SOixXjsvV62qpdj6JowC2wS7YBxVwAmrgCtRBE2BwBx7AE3g27o1H48V4HbfOGJOZLfANxtsnCM6Y2g==</latexit>

�3�body
Tcc

= <latexit sha1_base64="sY0RBgBis9+o3XRhDRc1Sl27fG0="></latexit>

56± 2 keV

The pole

Can be reanalysed if more precise data emerge

LHCb
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first Riemann sheet with the binding energy (the real part relative to the D⇤D⇤ threshold)

Scheme I: �⇤+cc = �1444(61) keV,

Scheme II: �⇤+cc = �1138(50) keV, (34)

Scheme III: �⇤+cc = �503(40) keV

where �⇤+cc = m
T

⇤+
cc

� m⇤
c � m⇤

0
. A large spread in the predictions for the mass of the T+

cc spin

partner in the three schemes employed implies a possibly significant role of the OPE interaction.

Further considerations, which might be relevant for hypothetical SU(3) siblings of the T+
cc and

T ⇤+
cc containing s̄ antiquark(s) can be found at the end of Appendix A.

IV. LOW-ENERGY EXPANSION OF THE AMPLITUDE

In this section we discuss the low-energy expansion of the scattering amplitude D⇤D ! D⇤D

and extract the corresponding parameters. The absolute value of the D⇤D scattering amplitude

in the isospin basis is depicted in Fig. 7. The low-energy S-wave scattering parameters such as

the scattering length a0 and the e↵ective range r0 can be determined by scrutinizing the behavior

of the scattering amplitude in the vicinity of the D⇤+D0 threshold. These parameters are defined

using the e↵ective range expansion of the scattering amplitude as

TD⇤+D0!D⇤+D0(k) = �
2⇡

µc0

✓
1

a0
+

1

2
r0k

2
� ik +O(k4)

◆�1

. (35)

It is important to notice that the finite width of the D⇤ drives the three-momentum k ill-defined

in the vicinity of the two-body D⇤D threshold (a detailed discussion of this and related issues can

be found in Refs. [? ? ], the problem is revisited in a recent work [? ]). In order to get a deeper

insight into this problem, let us start from a single-channel study with a constant contact potential

VCT. This corresponds to a single-channel version of our Scheme I. Then it is easy to find that the

inverse scattering amplitude is simply

T�1(M) = V �1

CT
+ J(M), J(M) =

Z
d3p

(2⇡)3
G(M,p), (36)

where G(M,p) is the Green’s functions of the form as defined in Eq. (23). Therefore, in this trivial

example, the e↵ective range is just r0 / �RedJ(M)

dM

����
M=Mthr+0+

with Mthr for the corresponding

two-body threshold6. However, a finite width of the D⇤ significantly modifies the behavior of

J(M) near the two-body threshold, since the sharp cusp is smeared by the D⇤ width (see Fig. 8).

Therefore, the e↵ective range expansion in the vicinity of the D⇤D threshold has a very small

radius of convergence set by the nearby complex D⇤D branch point, namely, k 6 p
µc0�D⇤+ ⇡ 9

MeV [? ]—see also Appendix B.

A way to bypass this problem is to use a complex D⇤ mass in the relation between the energy

inclusion of constant widths of the D⇤
’s does not a↵ect the mass of the T ⇤+

cc in Schemes I and II. For Scheme III,

the e↵ect of the D⇤
width on the mass of the T ⇤+

cc is around 30 keV, that is, well within the uncertainty quoted in

Eq. (34).
6
Note that the limit M ! Mthr has to be taken from above the threshold, as indicated by 0

+
, since below the

threshold the analytic continuation of the momentum k also contributes to J(M). This conclusion survives in

the presence of three-body unitarity, as shown in Appendix B, where it is demonstrated that the e↵ective range

calculated naively from below the two-body threshold diverges in the limit of an infinitely small width.

Various predictions 
with resolution
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D0D0  and D0D+ spectra

Heavy quark spin partners

<latexit sha1_base64="SukhySwXuT350oEZw1OPGVQgtJo="></latexit>

�⇤+cc = mT⇤+
cc

�m⇤
c �m⇤

0

⇒  (quasi)bound  D*D*  state ~ 0.5 MeV  below the threshold 

<latexit sha1_base64="a2ozREmJb1O9bwSsieZ5Qs7c6KQ="></latexit>

V I=0(D⇤D⇤ ! D⇤D⇤, 1+) = V I=0(D⇤D ! D⇤D, 1+)

see also  Albaladejo PLB 829 (2022) in contact EFT
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2
� ik +O(k4)

◆�1
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r00 = r0 ��r
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�2 = mthr2 �mthr1Eff. range in the 
1st  channel

Scattering amplitude in the 1st
(close to the pole) channel :

Tcc+  is consistent with a pure isoscalar molecule!
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VB et al., PLB 833 (2022)

Low-energy parameters and Compositeness
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Term from 2nd channel
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Tcc on lattice

● HAL QCD Collaboration at mπ = 146 MeV:  

—calculate the DD*  scattering potential 
—use it to calculate the phase shifts above the two-body threshold 

● DD∗ phase shifts δ(E) are extracted using the Lüscher method
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— mπ = 280 MeV,   two volumes L = 24 and 32 Padmanath and  Prelovsek, PRL 129,  032002 (2022)  

orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.

PHYSICAL REVIEW LETTERS 129, 032002 (2022)
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— mπ = 350 MeV,   one  volume  L=16 Chen et al. , PLB 833, 137391 (2022). 

— phase shifts parameterised using the ERE: 
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orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.
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orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.
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2

2µ
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E1⇡
lhc sets the range of convergence of the ERE! Numerically

—  Left-hand cuts (lhc)  from crossed channels in partial-wave scattering amplitude

⇒ left-hand  cut branch point is at 
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E2⇡
lhc

160



ERE applicability range

●  Convergence Radius of the ERE is set by the nearest possible singularity 
<latexit sha1_base64="q1tM3Gzw0N7rbHo9nG999v5j1X0=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCWhLxtRGKD3BTqGAf0JQwmd7q4EwSZiZCCfkIN/6KGxeKuHXhzr9x2mah1gMXDufcy733BDFnSjvOlzUxOTU9M1uYK84vLC4t2yurDRUlkkKdRjySrYAo4CyEumaaQyuWQETAoRncnQ385j1IxaLwWvdj6AhyE7Ieo0Qbybe38YW/h0+w8FMvZhne9c6Ba4KrRnMPjrG3g1NPClyFRubbJafsDIHHiZuTEspR8+1PrxvRRECoKSdKtV0n1p2USM0oh6zoJQpiQu/IDbQNDYkA1UmHT2V40yhd3IukqVDjofpzIiVCqb4ITKcg+lb99Qbif1470b3jTsrCONEQ0tGiXsKxjvAgIdxlEqjmfUMIlczciuktkYRqk2PRhOD+fXmcNPbK7mF5/2q/VDnN4yigdbSBtpCLjlAFXaIaqiOKHtATekGv1qP1bL1Z76PWCSufWUO/YH18A/ncmww=</latexit>

E2 = m⇡ ��M = 158MeV

⇒ static OPE is justified 
<latexit sha1_base64="/Fz7xi7cu1p49Sc9Fy7lm9LudGY=">AAACJnicbVDLSgNBEJz1GRNf0aOXwSB4CokEzVEjgscIxgjZILOT3jhkdmaZ6Q2GZb/Bq/6BX+NNxJuf4iTmYBILGoqqbrq7glgKi5XKl7e0vLK6tp7byBc2t7Z3dot7d1YnhkOLa6nNfcAsSKGghQIl3McGWBRIaAeDy7HfHoKxQqtbHMXQjVhfiVBwhk5q+UFIBw+7pUq5MgFdJNUpKZEpmg9Fr+D3NE8iUMgls7ZTj7GbMoOCS8jyfmIhZnzA+tBxVLEIbDedHJvRI6f0aKiNK4V0ov6dSFlk7SgKXGfE8NHOe2PxP6+TYFjvpkLFCYLiv4vCRFLUdPw57QkDHOXIEcaNcLdS/sgM4+jymdkCqLUM9FOWz/sX2IC+UFdqKIxW449TZEEimclSH4UaZS6+6nxYi+TupFw9LdduaqXzxjTIHDkgh+SYVMkZOSfXpElahBNBnskLefXevHfvw/v8bV3ypjP7ZAbe9w+ZYqYL</latexit>

k
<latexit sha1_base64="57OXjiYIMbYrxm1U4osGIOmCpVs=">AAACJ3icbVDLSgNBEJyNrxif0aOXwSB6CokE9RgjgkcFE4VsCLOT3mTM7Mwy0yuGZf/Bq/6BX+NN9OifOIk5qLGgoajqprsriKWwWKl8eLm5+YXFpfxyYWV1bX1js7jVsjoxHJpcS21uA2ZBCgVNFCjhNjbAokDCTTA8G/s392Cs0OoaRzF0ItZXIhScoZNafhDS4X53s1QpVyags6Q6JSUyxWW36K34Pc2TCBRyyaxtn8TYSZlBwSVkBT+xEDM+ZH1oO6pYBLaTTq7N6J5TejTUxpVCOlF/TqQssnYUBa4zYjiwf72x+J/XTjA86aRCxQmC4t+LwkRS1HT8Ou0JAxzlyBHGjXC3Uj5ghnF0Af3aAqi1DPRDVij4p9iAvlDn6l4YrcYfp8iCRDKTpT4KNcpcfNW/Yc2S1mG5elSuXdVK9cY0yDzZIbvkgFTJMamTC3JJmoSTO/JInsiz9+K9em/e+3drzpvObJNf8D6/AAQ4pjw=</latexit>

k0

<latexit sha1_base64="idms+l5JCWdz3SitioaedzqMWAk=">AAACKHicbVDJSgNBEO2JW0xcEj16aQyiF0MiQT26IHiMYEwgE6SnU5M06ekeumvEMMxHeNU/8Gu8iVe/xM5ycHtQ8Hiviqp6QSyFxVrtw8stLC4tr+RXC8W19Y3NUnnrzurEcGhxLbXpBMyCFApaKFBCJzbAokBCOxhdTvz2AxgrtLrFcQy9iA2UCAVn6KT2oR+EdLR/X6rUqrUp6F9Sn5MKmaN5X/aKfl/zJAKFXDJru6cx9lJmUHAJWcFPLMSMj9gAuo4qFoHtpdNzM7rnlD4NtXGlkE7V7xMpi6wdR4HrjBgO7W9vIv7ndRMMT3upUHGCoPhsUZhIippOfqd9YYCjHDvCuBHuVsqHzDCOLqEfWwC1loF+zAoF/xwvYCDUlXoQRqvJxymyIJHMZKmPQo0zF1/9d1h/yd1RtX5cbdw0KmcX8yDzZIfskgNSJyfkjFyTJmkRTkbkiTyTF+/Ve/PevY9Za86bz2yTH/A+vwB41KZz</latexit>

�k0<latexit sha1_base64="3lIKnBiywso2EngK5CzErVX5Ih8=">AAACJ3icbVDLSgNBEJyNrxif0aOXwSB4MSQS1GOMCB4VTBSyIcxOepMxszPLTK8Ylv0Hr/oHfo030aN/4iTmoMaChqKqm+6uIJbCYqXy4eXm5hcWl/LLhZXVtfWNzeJWy+rEcGhyLbW5DZgFKRQ0UaCE29gAiwIJN8HwbOzf3IOxQqtrHMXQiVhfiVBwhk5qHfhBSIfdzVKlXJmAzpLqlJTIFJfdorfi9zRPIlDIJbO2fRJjJ2UGBZeQFfzEQsz4kPWh7ahiEdhOOrk2o3tO6dFQG1cK6UT9OZGyyNpRFLjOiOHA/vXG4n9eO8HwpJMKFScIin8vChNJUdPx67QnDHCUI0cYN8LdSvmAGcbRBfRrC6DWMtAPWaHgn2ID+kKdq3thtBp/nCILEslMlvoo1Chz8VX/hjVLWofl6lG5dlUr1RvTIPNkh+ySfVIlx6ROLsglaRJO7sgjeSLP3ov36r1579+tOW86s01+wfv8Ag3epkI=</latexit>

�k

— 3-body threshold is far away: for masses from Padmanath, Prelovsek (2022)  

<latexit sha1_base64="jMyLxrQWeerw+NGFYdbk68OuaZs="></latexit>

E1⇡
lhc =

(p1⇡lhc)
2

2µ
= �8MeV ⇒ 

<latexit sha1_base64="TuQ/quHecoD1rA2ggekgfCyfKUc=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiRS1GVRBJcV7AOaGCbTSTt0ZhJmJkII8VfcuFDErR/izr9x+hDq68CFwzn3cg8nTBhV2nE+rNLS8srqWnm9srG5tb1j7+51VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HFxO/e0ekorG40VlCfI6GgkYUI22kwK5e3uaul9AiyD3JIRvhAgZ2za07U0DnF/myamCOVmC/e4MYp5wIjRlSqu86ifZzJDXFjBQVL1UkQXiMhqRvqECcKD+fhi/goVEGMIqlGaHhVF28yBFXKuOh2eRIj9RPbyL+5fVTHZ35ORVJqonAs0dRyqCO4aQJOKCSYM0yQxCW1GSFeIQkwtr0VVks4X/SOa67J/XGdaPWPJ/XUQb74AAcARecgia4Ai3QBhhk4AE8gWfr3nq0XqzX2WrJmt9UwTdYb58yNpR9</latexit>

E1⇡
lhc sets the range of convergence of the ERE! Numerically

—  Left-hand cuts (lhc)  from crossed channels in partial-wave scattering amplitude

⇒ left-hand  cut branch point is at 
<latexit sha1_base64="Ff2Gfn96FGTgLwomz5AeUj+pIns="></latexit>

(p1⇡lhc)
2 =

�M2 �m2
⇡

4

left-hand cut

DD*

0-8
<latexit sha1_base64="TuQ/quHecoD1rA2ggekgfCyfKUc=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiRS1GVRBJcV7AOaGCbTSTt0ZhJmJkII8VfcuFDErR/izr9x+hDq68CFwzn3cg8nTBhV2nE+rNLS8srqWnm9srG5tb1j7+51VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g3HFxO/e0ekorG40VlCfI6GgkYUI22kwK5e3uaul9AiyD3JIRvhAgZ2za07U0DnF/myamCOVmC/e4MYp5wIjRlSqu86ifZzJDXFjBQVL1UkQXiMhqRvqECcKD+fhi/goVEGMIqlGaHhVF28yBFXKuOh2eRIj9RPbyL+5fVTHZ35ORVJqonAs0dRyqCO4aQJOKCSYM0yQxCW1GSFeIQkwtr0VVks4X/SOa67J/XGdaPWPJ/XUQb74AAcARecgia4Ai3QBhhk4AE8gWfr3nq0XqzX2WrJmt9UwTdYb58yNpR9</latexit>

E1⇡
lhc DD!<latexit sha1_base64="qym1O5YRtto1Teg0nIn+nGew93c=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFclaQUdVkUwWUF+4Amhsl00g6dmYSZiRBC/BU3LhRx64e482+cPoT6OnDhcM693MMJE0aVdpwPa2l5ZXVtvbRR3tza3tm19/Y7Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybji4nfvSNS0Vjc6CwhPkdDQSOKkTZSYFcub/O6l9AiyD3JIRvhAgZ21a05U0DnF/myqmCOVmC/e4MYp5wIjRlSqu86ifZzJDXFjBRlL1UkQXiMhqRvqECcKD+fhi/gkVEGMIqlGaHhVF28yBFXKuOh2eRIj9RPbyL+5fVTHZ35ORVJqonAs0dRyqCO4aQJOKCSYM0yQxCW1GSFeIQkwtr0VV4s4X/Sqdfck1rjulFtns/rKIEDcAiOgQtOQRNcgRZoAwwy8ACewLN1bz1aL9brbHXJmt9UwDdYb58zyZR+</latexit>

E2⇡
lhc

160

<latexit sha1_base64="LFr7lYtWpRIJaZphryNs4w8Zlzs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIogssK9gFNDJPppB06MwkzEyGE+CtuXCji1g9x5984bbPQ1gMXDufcy733hAmjSjvOt1VZWV1b36hu1ra2d3b37P2DropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh5Hrq9x6JVDQW9zpLiM/RSNCIYqSNFNj1m4fc9RJaBLknOWRjXMDAbjhNZwa4TNySNECJdmB/ecMYp5wIjRlSauA6ifZzJDXFjBQ1L1UkQXiCRmRgqECcKD+fHV/AY6MMYRRLU0LDmfp7IkdcqYyHppMjPVaL3lT8zxukOrr0cyqSVBOB54uilEEdw2kScEglwZplhiAsqbkV4jGSCGuTV82E4C6+vEy6p033vHl2d9ZoXZVxVMEhOAInwAUXoAVuQRt0AAYZeAav4M16sl6sd+tj3lqxypk6+APr8wcwtpR8</latexit>

E1⇡
lhc  including the scale 

<latexit sha1_base64="5XH4ZP9dNEgum9OdIvfEXNosdco=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICWRoh6LXjxWsB/QhLLZbNqlm2zYnSgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QSq4Bsf5tlZW19Y3Nktb5e2d3b19u3LQ1jJTlLWoFFJ1A6KZ4AlrAQfBuqliJA4E6wSjm6nfeWBKc5ncwzhlfkwGCY84JWCkvl1JsXeGPSoBeyETQHDfrjo1Zwa8TNyCVFGBZt/+8kJJs5glQAXRuuc6Kfg5UcCpYJOyl2mWEjoiA9YzNCEx034+O32CT4wS4kgqUwngmfp7Iiex1uM4MJ0xgaFe9Kbif14vg+jKz3mSZsASOl8UZQKDxNMccMgVoyDGhhCquLkV0yFRhIJJq2xCcBdfXibt85p7Uavf1auN6yKOEjpCx+gUuegSNdAtaqIWougRPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w97KZLe</latexit>

p cot � explicitly!To extract Tcc pole accurately ⇒  Calculate 

⇒ ERE is not applicable 
Tcc+

-12



Analysis of lattice data including the left-hand cut

●              from scattering T matrix including all relevant cuts

= +
<latexit sha1_base64="QOlER/xlEDFebH/sqUh5g2ocgpI=">AAACI3icbVDLSgNBEJyN742PRI9eFoPgKSQSNMcYETyqJCokIcxOepMhszPLTG8wLPsHXvUP/Bpv4sWD/+Ik2YOvgoaiqpvuLj8S3GCl8uHklpZXVtfWN9z85tb2TqG4e2tUrBm0mRJK3/vUgOAS2shRwH2kgYa+gDt/fD7z7yagDVeyhdMIeiEdSh5wRtFKNy23XyhVypU5vL+kmpESyXDVLzr57kCxOASJTFBjOvUIewnVyJmA1O3GBiLKxnQIHUslDcH0kvmlqXdolYEXKG1LojdXv08kNDRmGvq2M6Q4Mr+9mfif14kxqPcSLqMYQbLFoiAWHipv9rY34BoYiqkllGlub/XYiGrK0IbzYwugUsJXD6nrds+wCUMuL+SEayVnHydI/VhQnSZd5HKa2viqv8P6S26Py9WTcu26Vmo0syDXyT45IEekSk5Jg1ySK9ImjATkkTyRZ+fFeXXenPdFa87JZvbIDzifX9uDpJw=</latexit>

T
<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V
<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V
<latexit sha1_base64="QOlER/xlEDFebH/sqUh5g2ocgpI=">AAACI3icbVDLSgNBEJyN742PRI9eFoPgKSQSNMcYETyqJCokIcxOepMhszPLTG8wLPsHXvUP/Bpv4sWD/+Ik2YOvgoaiqpvuLj8S3GCl8uHklpZXVtfWN9z85tb2TqG4e2tUrBm0mRJK3/vUgOAS2shRwH2kgYa+gDt/fD7z7yagDVeyhdMIeiEdSh5wRtFKNy23XyhVypU5vL+kmpESyXDVLzr57kCxOASJTFBjOvUIewnVyJmA1O3GBiLKxnQIHUslDcH0kvmlqXdolYEXKG1LojdXv08kNDRmGvq2M6Q4Mr+9mfif14kxqPcSLqMYQbLFoiAWHipv9rY34BoYiqkllGlub/XYiGrK0IbzYwugUsJXD6nrds+wCUMuL+SEayVnHydI/VhQnSZd5HKa2viqv8P6S26Py9WTcu26Vmo0syDXyT45IEekSk5Jg1ySK9ImjATkkTyRZ+fFeXXenPdFa87JZvbIDzifX9uDpJw=</latexit>

T

<latexit sha1_base64="pit2dO36XFjha5fau57cNg2QksI=">AAACInicbVBNS0JBFJ1nX6Z9aC3bPJKglWhIuTQjaKmQH6Ai88arDs6beczcJ8nj/YK29Q/6Ne2iVdCPafxYlHbgwuGce7n3Hi8Q3GCh8OUktrZ3dveS+6n0weHRcSZ70jQq1AwaTAml2x41ILiEBnIU0A40UN8T0PImd3O/NQVtuJKPOAug59OR5EPOKFqp3uxncoV8YQF3kxRXJEdWqPWzTro7UCz0QSIT1JhOOcBeRDVyJiBOdUMDAWUTOoKOpZL6YHrR4tDYvbDKwB0qbUuiu1B/T0TUN2bme7bTpzg2695c/M/rhDgs9yIugxBBsuWiYShcVO78a3fANTAUM0so09ze6rIx1ZShzebPFkClhKee4lSqe4tVGHF5L6dcKzn/OELqhYLqOOoil7PYxldcD2uTNK/yxet8qV7KVaqrIJPkjJyTS1IkN6RCHkiNNAgjQJ7JC3l13px358P5XLYmnNXMKfkD5/sHqCGkig==</latexit>

V =

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡

+
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>
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2 + p02)

2-body cut 3-body cut

left-hand cut

●  Chiral extrapolation of D*D! coupling is included along the lines of 
Becirevic and Sanfilippo, PLB 721, 94 (2013) VB et al  PLB 726,  537 (2013)
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  Du,  Filin,  VB,  Epelbaum,  Dong, Guo,  Hanhart, Nefediev,  Nieves and Wang 2303.09441 [hep-ph]
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●  Similar in spirit to the analysis of  NN scattering at unphysical m!   
VB, Epelbaum, Filin, Gegelia PRC92 014001(2015),   PRC94 014001(2016) 

●  Next-to-leading lhc is from 2! cuts — much further away

submitted  to PRL

https://arxiv.org/abs/2303.09441
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 ●  Our LO #EFT analysis with 1! lhc:

—Fit is significantly different from the ERE

TCC poles:
— 2 virtual states or a resonance very near thr.

Zeros:

has a pole near lhc ⇒ T has a zero
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 ●  Our LO #EFT analysis with 1! lhc:

—Fit is significantly different from the ERE

●  phase shifts used here for granted ⇒ to be revisited

— lhc requires a modification of the Lüscher method  Raposo and   Hansen, PoS LATTICE2022, 051 (2023)

Disclaimer:

    — lhc may induce partial-wave mixing effects              Meng and Epelbaum, JHEP 10, 051 (2021)

TCC poles:
— 2 virtual states or a resonance very near thr.

Zeros:

has a pole near lhc ⇒ T has a zero
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 ●  Our LO #EFT analysis with 1! lhc:

—Fit is significantly different from the ERE

●  phase shifts used here for granted ⇒ to be revisited

— lhc requires a modification of the Lüscher method  Raposo and   Hansen, PoS LATTICE2022, 051 (2023)

Disclaimer:

    — lhc may induce partial-wave mixing effects              Meng and Epelbaum, JHEP 10, 051 (2021)

But the method should be used in the future analyses of DD*, DD*, BB*, …  
—

TCC poles:
— 2 virtual states or a resonance very near thr.

Zeros:

has a pole near lhc ⇒ T has a zero
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Summary and conclusions

 correct analytic structure of the scattering amplitude including relevant cuts#EFT: 

— Reliable extraction of the Tcc pole

● Hadronic Molecules — specific subclass of exotic states: 
—generated dynamically near hadronic thresholds 

—do exist in nuclear and hadron physics

● Coupled-channel chiral EFT approach: right tool for a systematic analysis 

● Compositeness of near threshold states: Weinberg’s criterion and extensions 

— HQ spin partner (I=0, JP= 1+) should exist near the D*D* threshold 
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Thanks for your attention!





Dependence on the pion coupling
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10
V OPE

DD⇤!DD⇤(m⇡ = 280MeV)

●  Importance of lhc is controlled by its position and strength (discontinuity)
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●  The smaller the coupling the closer the fit is to the ERE
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V OPE

DD⇤!DD⇤(m⇡ = 280MeV)
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10 V OPE

DD⇤!DD⇤(m⇡ = 280MeV)
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Fits to the D0D0!+  mass spectrum
w/o resolution with resolution

13

TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE IV. E↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III

gD⇤+D0(S) 1.03± 0.03 (1.00± 0.03)� i(0.01± 0.00) (1.03± 0.02)� i(0.01± 0.01)

gD⇤0D+(S) �1.03± 0.03 (�1.00± 0.03) + i(0.01± 0.00) (�0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) �1.45± 0.04 (�1.42± 0.03) + i(0.01± 0.00) (�1.43± 0.03) + i(0.02± 0.00)

g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (�0.03± 0.00) + i(0.00± 0.00)

g(I=0)
D⇤D (D) — — (0.02± 0.00) + i(0.00± 0.00)

g(I=1)
D⇤D (D) — — (�0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) !

8
<

:
�⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M �mi �mj �mk �

p
2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M �mi �mj �mk �

p
2

2µ

⌘
< 0,

(32)

with ⌃ijk defined in Eq. (26). Then, in the energy range near the T+
cc pole, the D0D0⇡+ and

D+D0⇡0 channels are on their unphysical RSs while the D+D+⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in the T+
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of the T+
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the finite life time

of the D⇤ one overestimates the T+
cc width by up to a factor of 2 (compare the imaginary parts of

the pole positions for Schemes I and II quoted in Table III). This shift is partially overcome once

also the three-body cut is included in the scattering potential. If after neglecting the three-body

e↵ects, one employs the static approximation for the OPE, together with a constant width of the

D⇤, the half width of the T+
cc would turn out to be around 70 keV thus overestimating the full

Width  of   Tcc+  :      Accuracy requires  3-body effects
remove

OPE
36 keV

remove

dynam.width 74 keV
25

Real part of the pole:  all Fits are consistent within 1' —more precise data are needed
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�3�body
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=
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 Voloshin, Okun (1976)

EFT’s for doubly-heavy near-threshold states
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D,D⇤, B,B⇤, ...

<latexit sha1_base64="R+j0bq/3cTuhx5HMDRInA2s9xTQ="></latexit>

⇤c,⌃c, ...

—  Contact EFT

—  X-EFT

 AlFiky (2006), Voloshin, Nieves, Albaladejo…

 Fleming et al (2007), Mehen, Hammer, Braaten…

Limited applicability range 
in energy

perturbative pions

no pions

—  #EFT  
our works (2011– till now)

Fully non-perturbative pions together with coupled-channels

☛ Larger applicability range allows for direct fits to experimental line shapes

X!0D0D0̅ ̅D0D0* !∓D0D± !0D-D+

0-0.05-7

D∓D*±

3 8 MeV2.5

D*D*

140
X(3872)

DD̅

-140

26

no coupled channels

no coupled channels

Törnqvist (1991)
Ericson, Karl (1993)

Applicable if the system
 is close to the unitary limit 

→ universality

☛  Analytic structure of the amplitude is more complete    
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all

3

What do we know about Tcc+?

LHCb:  Nature Comm.(2022)

Aaij et al [LHCb] Nature Physics (2022)  

● LHCb reports a clear peak in  spectrum right below the 
<latexit sha1_base64="hakdTH6xenGy0fujFOWT5f3Sy2I="></latexit>
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D⇤+D+
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● Unitarized Breit-Wigner fit 

Doubly charmed tetraquark T+
cc

Unitarized and analytical model fit to the spectrum

LHCb, arXiv: 2109.01056
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F
U

F
U

F
U ����

1

s � ŝ

����
2

|g| = 5.1 GeV

�mD0D0⇡+

⇥
keV/c2

⇤

�mD0D0⇡+

⇥
MeV/c2

⇤

�mD0D0⇡+
⇥
MeV/c2

⇤

�mpole = �360 ± 40+4
�0 keV

�pole = 48 ± 2+0
�14 keV

+ I = 0 : isoscalar

,! D+D0⇡+, D+D+ 7

+ Weinberg compositeness:

1 � Z =

s
1

1 + 2|r/<a|

a =
h
� (7.16 ± 0.51) + i(1.85 ± 0.28)

i
fm,

�r < 11.9(16.9) fm at 90 (95)% CL,

Z < 0.52(0.58) at 90 (95)% CL.

Z = 0 : composite,

Z = 1 : elementary.

+ Consistent with molecule

3 / 13
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�pole ⌧ �D⇤+

●  No signal in                    — isoscalar;    JP  = 1+
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D⇤0D+

●  Several studies on lattice at different m!. Conclusion: Tcc is probably a virtual state
Padmanath and  Prelovsek, PRL 129,  032002 (2022),   Chen et al. , PLB 833, 137391 (2022),     Lyu et al [HAL QCD]: 2302.04505 [hep-lat]   

●  Plenty of theoretical studies; in particular, the Tcc width is addressed in
Meng et al (2021),  Fleming et al (2021),  Ling et al (2022), Feijoo et al. (2021),  Yan et al. (2022), Albaladejo (2022),  Dai et al. (2023),…

● 
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One pion exchange and 3-body cut
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VDD⇤!DD⇤(k,k0) / g2c
(4⇡f⇡)2

⌧1 · ⌧2
(✏1 · ~q) (✏02

⇤ · ~q)
2E⇡(k� k0)

✓
1

DDD⇡(k,k0)
+

1

DD⇤D⇤⇡(k,k0)

◆

☛ TOPT propagators with NR heavy mesons and relativistic pions
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DDD⇡(k,k
0) = m+m+

k2

2m
+

k02

2m
+ E⇡(k� k0)� E
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DD⇤D⇤⇡(k,k
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k2

2m⇤
+

k02

2m⇤
+ E⇡(k� k0)� E

● OPE potential: 

⇒
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and employ the Lagrangian of Eq. (5) to find the corre-
sponding S-wave contact potentials,

VI¼0
CT ðD#D → D#D; 1þÞ ¼ −2ðD01 − 3D11Þ≡ v0; ð9Þ

VI¼1
CT ðD#D → D#D; 1þÞ ¼ D00 þD01 þD10 þD11 ≡ v1;

ð10Þ

where 1þ stands for the spin and parity JP. Then, in the
particle basis fD#þD0; D#0Dþg, the contact potential reads

VCTðD#D → D#D; 1þÞ ¼
!
c d

d c

"
; ð11Þ

where the diagonal and off-diagonal matrix elements are

c ¼ 1

2
ðv1 þ v0Þ; d ¼ 1

2
ðv1 − v0Þ: ð12Þ

According to the claim by LHCb [13], the Tþ
cc is an

isoscalar state, so in what follows we stick to the potential
of Eq. (9) and set to zero the contact isovector interaction,
that is, v1 ¼ 0 in Eq. (10), or equivalently d ¼ −c, to
reduce the number of free parameters. The contact poten-
tials in the complementary spin-parity Dð#ÞDð#Þ channels,
as well as their generalization to the light quark flavor
SU(3) group, can be found in Appendix A.
In this paper, we work in the strict isospin limit for the

contact potentials and take the isospin breaking effects into
account through the mass difference of the charged and
neutral Dð#Þ mesons as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is
localized within just 1 MeV below the D#þD0 threshold,
while the splitting between the D#þD0 and D#0Dþ thresh-
olds is around 1.41 MeV, which implies that the isospin
breaking effects can be significant. We stick to the notations

mð#Þ
0 andmð#Þ

c for the masses of the neutral and chargedDð#Þ

mesons, respectively, and take their values to be [1]

m0 ¼ 1864.84 MeV; mc ¼ 1869.66 MeV;

m#
0 ¼ 2006.85 MeV; m#

c ¼ 2010.26 MeV: ð13Þ

The LO Lagrangian for the D#Dπ interaction reads
[38,93–95]

L ¼ 1

4
gTrðσ · uabHbH

†
aÞ; ð14Þ

where u ¼ −∇Φ=fπ with

Φ ¼
!

π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
π− −π0

"
: ð15Þ

Here fπ ¼ 92.1 MeV is the pion decay constant and the
coupling g ¼ 0.57 is determined from the experimentally
measured D#þ → D0πþ decay width.
The OPE potential can be naturally decomposed into two

contributions which correspond to the two different order-
ings in the frameworkof the time-orderedperturbation theory
(TOPT)—see Fig. 1. It should also be noticed that, given the
very limited energy and momentum ranges covered by the
theory, it is sufficient to employ a nonrelativistic approach
for all particles involved, including the pion. Thus, for the
propagator of the pion of mass mπ , we use

DπðM;p; p0; zÞ ¼ −
1

2mπ
½Dπ

1ðM;p; p0; zÞ þDπ
2ðM;p; p0; zÞ';

Dπ
1ðM;p; p0; zÞ ¼

!
mi þmj þmπ þ

p2

2mi
þ p02

2mj
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
;

Dπ
2ðM;p; p0; zÞ ¼

!
m#

i þm#
j þmπ þ

p2

2m#
i
þ p02

2m#
j
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
; ð16Þ

whereM is the total energy, p and p0 stand for the incoming
and outgoing three-momenta, respectively, with pð0Þ their
magnitudes, z ¼ ðp · p0Þ=ðpp0Þ andmð#Þ

i denotes themass of
theDð#Þ in the ith channel. To guarantee a proper treatment of
the three-body effects, all recoil terms need to be kept in

Eq. (16), as discussed in detail in Refs. [96–98] in the context
of the πNN and KNN intermediate states. This is especially
relevant in the double-charm system at hand given that, near
the D#þD0 threshold, 2mD0 þmπþ −M ≈mD0 þmπþ −
mD#þ ≈ −6 MeV, and hence the effective parameter which

FIG. 1. The two TOPT contributions (V1 and V2, respectively)
to the OPE potential betweenD (single solid line) andD# (double
solid line) mesons. The dashed line stands for the pion and the
vertical thin line shows the relevant intermediate state.
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E⇡ =
p
m2

⇡ + (k� k 0)2

goes on shell!

For each 
<latexit sha1_base64="ggPlxfc9NJOslytR09FaWcxqmtY="></latexit>

E > Ethr ⌘ 2m+m⇡,  there are real values of k and kʹ such that
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DDD⇡(k, k
0, E) = 0

Tcc+!+D0D0 D0D*+ !-D+D+

0-0.36-5.9

D+D*0

1.4 E2 MeV3.8
Tcc+ !0D0D+

-5.6

☛ If we count energy relative to 2-body DD* threshold
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E = m+m⇤ + E2

3-body branch point reads (k=k′=0)
<latexit sha1_base64="bjc012L6bF8gVKe7JEv0+2KIWug=">AAACF3icdVDLSgMxFM34rPVVdenmYhFEaZmWom6E4gPcCBXsAzrDkEnTNjSZGZKMUIb+hRt/xY0LRdzqzr8xfQj1deDCyTn3cnOPH3GmtG1/WDOzc/MLi6ml9PLK6tp6ZmOzpsJYElolIQ9lw8eKchbQqmaa00YkKRY+p3W/dzb067dUKhYGN7ofUVfgTsDajGBtJC+ThwuvCCcgvMSJ2AByzjnlGsPVlHYAIgfmtQ/gZbKFvD0C2L/Il5VFE1S8zLvTCkksaKAJx0o1C3ak3QRLzQing7QTKxph0sMd2jQ0wIIqNxndNYBdo7SgHUpTgYaROj2RYKFUX/imU2DdVT+9ofiX14x1+9hNWBDFmgZkvKgdc9AhDEOCFpOUaN43BBPJzF+BdLHERJso09Mh/E9qxXzhMF+6LmXLp5M4Umgb7aA9VEBHqIwuUQVVEUF36AE9oWfr3nq0XqzXceuMNZnZQt9gvX0Crceb3g==</latexit>

E2 = m⇡ ��M = m⇡ +m�m⇤

☛

3-body cut condition

3-body cut

⇒
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Fits to data for smaller c-quark masses

Conclusions are the same as for the other fit



ERE applicability range
●  Convergence Radius of the ERE is set by the nearest singularity irrespective of its origin 

3-body cut starts at 
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E2 = m⇡ ��M = 158MeV

⇒ 3-body effects are small,  static OPE is justified 

—  Partial-wave scattering amplitude may also have left hand cuts (lhc) 
<latexit sha1_base64="LaIKQqo6b8G38bDQcHpjfC5sguk="></latexit>Z

dz
1

(k� k0)2 +m2
⇡ ��M2

=
1

2kk0
log

(k + k0)2 +m2
⇡ ��M2

(k � k0)2 +m2
⇡ ��M2
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1

2p2
log

4p2 +m2
⇡ ��M2

m2
⇡ ��M2

on shell
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k = k0 = p

⇒ left-hand  cut branch point is at 
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(p1⇡lhc)
2 =

�M2 �m2
⇡

4
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|E1⇡
lhc|  |ETcc|If ⇒ ERE is not applicable 
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p cot � explicitly!To extract Tcc pole accurately ⇒  Calculate 
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�k
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pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =




π0/

√
2 + η/

√
6 π+ K+

π− −π0/
√

2 + η/
√

6 K 0

K− K̄ 0 −2η/
√

6



 .

Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)

123

Ds0*(2317) pole trajectory vs kaon mass
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pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =




π0/

√
2 + η/

√
6 π+ K+

π− −π0/
√

2 + η/
√

6 K 0

K− K̄ 0 −2η/
√

6



 .

Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)

123

Use ChiPT approach for ΦD scattering

Fix all LECs from lattice studies:  scattering lengths of  I=3/2 D!, Ds!, DsK, I=0,1 DbarK for 
the pion masses from 301, 362, 511, 617 MeV
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pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =




π0/

√
2 + η/

√
6 π+ K+

π− −π0/
√

2 + η/
√

6 K 0

K− K̄ 0 −2η/
√
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Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)

123
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pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =
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√
2 + η/

√
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π− −π0/
√

2 + η/
√

6 K 0

K− K̄ 0 −2η/
√
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Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)

123
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pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =
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Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)

123
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s0(2317) when the kaon mass is varied between 200 MeV and 500 MeV, as indicated by color: a Pole trajectories

in the energy plane relative to the K D threshold; b Trajectories in the momentum plane. Both the leading and more distant poles are shown in the
plot

pole is close to the threshold, the f0(500) should be viewed
as a hadronic molecule.

An additional interesting case is the DK system and its
connection to the D∗

s0(2317) pole. Since its discovery in 2003
by the BaBar Collaboration [1], the positive-parity scalar
charm-strange meson D∗

s0(2317) with a very narrow width
has been studied extensively. The mass of D∗

s0(2317) lies
only 45 MeV below the DK threshold, which makes it a
natural candidate for a hadronic molecule. That this inter-
pretation also fits to recent B-decay data is discussed in
Ref. [46]. Additional arguments in favour of a molecular
nature of the D∗

s0(2317) as well as earlier references can be
found in Refs. [6,47].

To investigate the pole trajectories of the mentioned state,
we utilize the analysis done in Ref. [32] since it provides
us with direct access to the quark mass dependencies of the
system. In this work, the Lüscher finite volume technique
is used to calculate the Goldstone-boson–D-meson scatter-
ing lengths in those channels that do not have disconnected
diagrams. The resulting pion mass dependence of the scat-
tering lengths is used to fix all low energy constants (LECs)
that appear at NLO of the chiral expansion. The amplitude
completely determined in this way was then used to calcu-
late other channels, in particular the isospin-0, strangeness-1
channel in which the D∗

s0(2317) resides. Here we investi-
gate the dependence of the pole positions on the kaon mass.
For larger-than-physical kaon masses this was discussed in
Ref. [48]. Here we want to continue the kaon mass to smaller
than physical values to observe the transition of the bound
state to a virtual state.

To find the kaon mass dependence of the involved states,
let us consider the effective chiral Lagrangian for D-mesons
and Goldstone bosons at NLO taking into account only the
strong interaction. The LO Lagrangian is just the chirally

covariant kinetic energy term of the heavy mesons

L(1) = DµD†DµD − m2
DD

†D , (31)

with D = (D0, D+, D+
s ) denoting the D-mesons, mD the

D-meson mass in the chiral limit, and the covariant derivative
being

Dµ = ∂µ + "µ ,

"µ = 1
2

(
u†∂µu + u ∂µu†

)
, (32)

where

U = exp

(√
2i#
Fπ

)

, u2 = U . (33)

The Goldstone boson fields are collected in the matrix

# =




π0/

√
2 + η/

√
6 π+ K+

π− −π0/
√

2 + η/
√

6 K 0

K− K̄ 0 −2η/
√

6



 .

Counting the D-meson masses as order O(p0), the LO terms
in the chiral Lagrangian are of O(p), and the NLO terms are
ofO(p2). The NLO chiral Lagrangian describing the interac-
tions of the pseudoscalar charm mesons with the Goldstone
bosons is given by

L(2) =D
(
−h0 〈χ+〉 − h1χ+ − h2

〈
uµuµ

〉
− h3uµuµ

)
D̄

+DµD
(
h4

〈
uµuν

〉
− h5

{
uµuν

})
Dν D̄, (34)

where χ+ = u†χu† +uχu and uµ = iu†∂µUu† . The quark
mass matrix enters via

χ = 2B · diag (mu, md , ms) , (35)
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