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Approach: partial wave dispersion relations

Resonance with definite : need partial wave (p.w.) decomposition


Unitarity relation: p.w. amplitude behaves asymptotically no 

worse than a constant


Once-subtracted p.w. dispersion relation


J

Tab =
∞

∑
J=0

(2J + 1)tJ
ab(s)PJ(cos θ)

Disc tab(s) = ∑
c

tac(s)ρc(s)t*cb(s)

tab(s) = tab(0) +
s
π ∫

sL

−∞

ds′￼

s′￼

Disc tab(s′￼)
s′￼− s

Uab(s)

+
s
π ∑

c
∫

∞

sth

ds′￼

s′￼

tac(s′￼)ρc(s′￼)t*cb(s′￼)
s′￼− s

coupled-channel indices

phase-space factor 

subtraction constant and

left-hand cut contribution

4




12

Approach: partial wave dispersion relations

Resonance with definite : need partial wave (p.w.) decomposition


Unitarity relation: p.w. amplitude behaves asymptotically no 

worse than a constant


Once-subtracted p.w. dispersion relation


J

Tab =
∞

∑
J=0

(2J + 1)tJ
ab(s)PJ(cos θ)

Disc tab(s) = ∑
c

tac(s)ρc(s)t*cb(s)

tab(s) = tab(0) +
s
π ∫

sL

−∞

ds′￼

s′￼

Disc tab(s′￼)
s′￼− s

Uab(s)

+
s
π ∑

c
∫

∞

sth

ds′￼

s′￼

tac(s′￼)ρc(s′￼)t*cb(s′￼)
s′￼− s

coupled-channel indices

phase-space factor 

subtraction constant and

left-hand cut contribution

sL sth
0 Re s

Im s

4




13

Approach: N/D method

5


Once-subtracted p.w. dispersion relation


Can be solved by means of  N/D ansatz


 

tab(s) = Uab(s) +
s
π ∑

c
∫

∞

sth

ds′￼

s′￼

tac(s′￼)ρc(s′￼)t*cb(s′￼)
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tab(s) = ( N(s)
D(s) )

ab

Nab(s) = Uab(s) +
s
π ∑

c
∫

∞

sth

ds′￼

s′￼

Nac(s′￼)ρc(s′￼)(Ucb(s′￼) − Ucb(s))
s′￼− s

Dab(s) = δab −
s
π ∫

∞

sth

ds′￼

s′￼

Nab(s′￼)ρb(s′￼)
s′￼− s

= Ω−1
ab (s)
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Approach: N/D method

5


U(s) =
∞

∑
n=0

Cn(ξ(s))n

Gasparyan, Lutz (2010)

coefficients fitted to data
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γγ → π0η

γγ → {πη, KK} , I = 1

(
h(0)

1,++(s)

k(0)
1,++(s)) = ( 0

k(0),Born
1,++ (s)) + s Ω1(s)[−∫

∞

sth

ds′￼
π

Im Ω−1
1 (s′￼)

s′￼(s′￼− s) ( 0
k(0),Born

1,++ (s′￼)) + heavier lhc]

γγ → KsKs
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γγ → π0η

γγ → {πη, KK} , I = 1

(
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1,++(s)
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1 (s′￼)

s′￼(s′￼− s) ( 0
k(0),Born
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-wave: Breit-Wigner parametrisation for  and D a2(1320) f2(1270)

γγ → KsKs

coefficients   fitted to the cross-section data +  constraintsCn χPT
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 is located on the II Riemann sheet:
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sII
a0(980) = 1064 − i59 MeV
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For , the contributions from  was calculated previously:
I = 0 f0(500) + f0(980)

aHLbL
μ [S-wave, I = 0]resc. = − 9.8(1) × 10−11

aHLbL
μ [ f0(980)]resc. = − 0.2(1) × 10−11

Colangelo et al. (2014-2017)
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• The hadronic  part can be further constrained by including the data from , 
 and 

• It is crucial to have the precise data in the  channel from BESIII


• The  Adler zero can be only included by introducing one more subtraction and 
including heavier left hand cuts 


• Using the once subtracted dispersion relation for the single virtual case relies on the availability 
of the  data from BESIII 
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